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Preface 


The recent physical interpretation of intrinsic differential geometry 
of spaces has stimulated the study of this subject. Riemann pro- 
posed the generalization, to spaces of any order, of the theory of 
surfaces, as developed by Gauss, and introduced certain fundamental 
ideas in this general theoiy. From time to time impoitant con- 
tributions to the theory were made by Bianchi, Beltrami, Christoffel, 
Schur, Voss and others, and Ricci coordinated and extended the 
theory with the use of tensor analysis and his Absolute Calculus. 
Recently there has been an extensive study and development of 
Riemannian Geometry, and this book aims to present the existing 
theory. 

Throughout the book constant use is made of the methods of 
tensor analysis and the Absolute Calculus of Ricci and Levi-Civita. 
The first chapter contains an exposition of tensor analysis in form 
and extent sufficient for the reader of the book who has not 
previously studied this subject. However, it is not intended that 
the exposition shall give an exhaustive foundational treatment of 
the subject. 

Most, if not all, of the contributors to the theory of Riemannian 
Geometry have limited their investigations to spaces with a metric 
defined by a positive definite quadratic differential form. How- 
ever, the theory of relativity deals with spaces with an indefinite 
fundamental form. Consequently the former restriction is not made 
in this book. Although many results of the older theory hav(' 
been modified accordingly, much remains to be done in this field. 

The theory of parallelism of vectors in a general Riemannian 
manifold, as introduced by Levi-Civita and developed by others, 
is set forth in the second chapter and is applied in other parts 
of the book. The extensions of this theory to non-Riemaimian 
geometries are not developed in this book, since it is my intention 
to present some of them in a later book. 
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Preface 


Of the many exercises in the book some involve merely direct 
applications of the formulas of the text, but most of them con- 
stitute extensions of the theory which mi^ht properly be included 
Jis portions of a more extensive treatise. References to the sources 
of these exercises are given for the benefit of the reader. All 
references in the book are to the papers listed in the Bibliography. 

In the writing of this book J have had invaluable assistance 
and criticism by four of my students, Dr. Arthur Bramley, Dr. Harry 
Levy, Dr. J. H. Taylor and Dr. J. M. Thomas. I desire also 
to express my appreciation of the courtesies extended by the 
printers Liitcke & Wulff and by the Princeton University Press. 

October, 1925. 

Luther Pfahler Eisenhart. 
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CHAPTER I 


Tensor analysis 

I. Transformation of coordinates. The summation con- 
vention. Any n independent variables where i takes the values 1 
to w, may be thought of as the coordinates of an n- dimensional 
space T n in the sense that each set of values of the variables 
defines a point of Unless stated otherwise it is understood 
that the coordinates are real. 

Suppose that we have n independent real functions y* of the 
variables x*, • •• , x ^, * A necessary and sufficient condition 
that the functions be independent is that the Jacobian does not 
vanish identically ;t that is, 


( 1 . 1 ) 


If we put 

( 1 . 2 ) 


I 8 c/ 
I dx^ 



85P»i 


9a;‘ 

9y‘ 

. . .1 
ay"! 


‘ ' 8a:^ 1 


= /(icS • • •, (l == 1, . . . , w), 


the quantities x'^ are another set of coordinates of the space; 
when in the right-hand members of (1.2) we substitute the co- 
ordinates a?* of any point P, these equations give the coordinates a?'* 
of P. Thus equations (1.2) define a tramformation of coordinates of 
the space 7«. In consequence of the assumption (1,1) the a:’s are 
expressible in terms of the a;'’s, say 


(1.3) a;'’‘) (i == 1, • • n). 


"‘When we consider any function, it is understood that it is real and con< 
Unuous, as well as its deriyatiyes of such order as appear in the discussion, in 
the domain of the yariables considered, unless stated otherwise. 
fOoursat, 1904, 1, p. 57 ; Wilson, 1911, 1, p. 133. 
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2 1. Tensor analysis 

If we think of the x's as functions of the x'% then by the 
rules for diflferentiation 

dx^ 

dx^ » Bac'* dx-^' 


However, since the x*s are independent, the left-hand member of 
the above equation is zero unless — y, in which case it is unity. 
Accordingly we can write 


(1.4) 

where by definition 

(1.5) 


< 9 *'’ dzJ 


A'f 
"J y 


1 or 0, as A: -= y or /; 4 !• 


These are called the Kronecker deltas and are used frequently 
throughout this work. Tn like manner we have 


( 1 . 6 ) 


« 9ar» 9x'-' 


If in (1.4) we hold k fixed and let j take the values 1 to n, 

9 

we have n eqnations linear in tor / — 1, • • - , Solving for 
these quantities, we obtain 


(1.7) 


9a^ 

dx'* 


9 x^^ 

cofactor of - ^ m 


^'1 


9^ 

dx^ 


Any direction at a point P of the space is determined by the 
differentials and the same direction is determined in another 
set of coordinates x'* by the differentials dx’\ where from (1.2) 




9g)* 

T ^ 


dx^ = 



dx'* 

dx^ 


dxJ, 


( 1 . 8 ) 
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It is desirable now to inti*oduce a convention which will be used 
throughout this book^ namely that when the same letter appears 
in any term as a subscript and superscript, it is understood that 
this letter is summed for all the values, say n, which this letter 
takes and consequently the one term stands for the sum of n terms. 
Thus we write (1.8) in the form 

^ fi 

(1,9) dx'* = dxi (i,j = 1, • • n). 


Since j appears twice in the right-hand member in the manner 
indicated and i appears only once, the right-hand member stands 
for the sum 


0.r 


T 






dx^-\- 


dx'" 


dx^ 


dx^. 


When the same index appears twice and has the significance just 
defined, we call it a dummy index, since the letter used for such 
an index is immaterial. However, a letter appearing as another 
index must not also be used for a dummy index, otherwise an 
ambiguity would be introduced. Thus i in (1.9) could not be used 
also in place of j, but the right-hand member of (1.9) could be 
written in such forms as 

9 9 

(*,/ = 1. 


It should be remarked that (1.9) represents n equation obtained 
by giving i the values from 1 to n. 

Using the summation convention, we write (1.4) and (1.6) in the 
forms 


( 1 . 10 ) 


Sa:'* dx* ^ 
9a;'< dxi “ ’ da* sx'^ ■' 


3. Contravariant vectors. Congruences of curves. Let iU 
be any n functions of the x’s and let n functions X'* be defined by 

(2.1) (i,j, = l,...,n). 


1 * 
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1. Tensor analysis 


We observe that equations (1.9) are of this form. If equations (2.1) 

9 o(^ . 

be multiplied by — and i be summed from 1 to w, we have in 

9 3/ 

consequence of (1.10) 


dx" 


V 




dxJ 




The right-hand member is the sum of n terms each of which is 
zero by (1.5) unless.; = A:, and consequently the right-hand member 
reduces to the single term A* Accordingly we have 


( 2 . 2 ) 




9.7*'* * 


The same result is obtained if we solve (2.1) for by algebraic 
processes and make use of (1.7). However, the process used above 
is very simple and will be used frequently. From (2.1) and (2.2) 
it is seen that the relation between the I’s and is entirely 
reciprocal. 

Suppose now that we have a set of functions in another 
coordinate system a;"* defined by equations of the form (2.1), thus 


I"* 


=- 


9a:"^ 
aa* * 


Then by means of (2.2) we have 


nf/i yi 9 a;"* 

^ 9a;'' 9^ 




9 a;'' 


Observe that we have changed the dummy index i in (2.2) to I, 
since i appears already. The above equations and (2.2) being 
similar to (2.1), we see that the relations (2.1) possess what may 
be called the group property. 

When two sets of functions A* and A'* are related as in (2.1), we 
say that are the components of a contravariant vector in the 
system x* and A'* the components of the same vector in the system a;''. 
From this definition it follows that any n functions of the a’s in 
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one coordinate system may be taken as the components of a contra- 
variant vector, whose components in any other system are defined 
by (2.1). From (1.9) we see that the first differentials of the 
coordinates in any system are the components of a contravariant 
vector whose components in any other system are the first differentials 
of the coordinates of that system. 

A contravariant vector as defined determines a direction at each 
])oint of the space, that is, a field of vectors in the ordinary sense 
that a vector is a direction at a point. However, we will use 
interchangeably the terms vector and vector-field^ 

If A* are the components of any contravariant vector, a displace- 
ment in the direction of the vector at a point satisfies the equations 

, dx^ dx^ _ _ daf^ 

. 


From the theory of differential equations of this form we have 
that these equations admit n — 1 independent solutions 


(2.4) 


tpJ (a:\ • ' • . 


(r 


l,....n-l), 
dfJ 


dx^ 


is of 


where the c’s are arbitrary constants and the matrix 

rank n — 1. The functions sp-' are solutions of the partial differential 
equationt 


(2.5) 


I* 




0. 


If now we effect the transformation of coordinates (1.2) in which 
for y-', where y 1, • • •, n — 1, we take the above solutions and 
for any function such that (1.1) is satisfied, we have from (2.1) 

(2.6) ==-- 0 (j* ^ 1, . . . , n—1), A"* 0. 

Hence: 

When a contravariant vector is given, a system of coordinates can 
he chosen in terms of which all the components hut one of the vector 
are equal to zero. 

Many of the ideas developed in this chapter were studied first by Chrisiofftl, 
1869, 1, and by Ricci, whose development was presented by him and Levi-Civita 
in their paper, 1901, 1. 
fGoursat, 1891, 1, p. 29. 
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If the coordinates of any point P are substituted in (2.4), the 
values of & are determined and the n — 1 equations (2.4) for these 
values of define a curve through P, that is, the locus of points 
whose coordinates satisfy n — 1 equations, or, what is equivalent, 
whose coordinates are expressible as functions of a single para- 
meter. Thus equations (2.4) define a congruence of curves, one of 
which passes through each point of the space F«. We say that 
the congruence is determined by the vector-field A* and that the 
vector at a point is tangent to the curve of the congruence through 
the point. Thus we identify the differentials for a curve with com- 
ponents of the tangent vector. 

3 . Invariants. Covariant vectors. If a function /of the oj's 
and a function f of the are such that they are reducible to 
one another by the equations of the transformations of the variables, 
they are said to define an invariant. In this sense an invariant 
is a scalar as defined in vector analysis, and is so called by some 
writers on tensor analysis. It should be remarked that the term 
invariant as thus used has a different connotation from its definition 
in the field of algebraic invariants. In fact, any function of the x's 
can be taken as an invariant and then its definition in any other 
coordinate system is detei-mined by the transformation of coordinates. 

If / be any function, we have 


(3.1) 


a/ ^ 8/ dxj 
dx" dx" 


Khi ^, '1 n). 


These equations are a special case of the equations 


(3.2) 


a; 


. dxJ 


where A^ are any functions of the x^s and the A'’s are functions of 
the x''s defined by (3.2), As in § 2 it can be shown that (3.2) are 
equivalent to 


(3.3) 




j, dx’* 

* dx!'' 


also that the relation (3.2) possesses the group property (§ 2). When 
two sets of functions A*- and A} are in the relation ( 3 . 2 ), we say 
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that the A’s are the components of a covariant vector in the x’s 
and the #V*s are the components of the same vector in the a?'’s. 
Evidently a covariant vector is defined uniquely by choosing any 
set of n functions in one coordinate system. In particular, it 
follows from (3.1) that if the first derivatives of a function / are 
taken as the components of a covariant vector, the components 
of the same vector in any other system are the first derivatives of 
the function with respect to the new coordinates. Such a covariant 
vector is called the gradient of /. 

It should be observed that the index of a contravariant vector is 
written as a superscript and of a covariant vector as a subscript ; 
this is done so that the summation convention can be used in (2.1), 
(2.2), (3.2) and (3.3). 

If I* and t^i are the components of any contravariant and covariant 
vectors respectively, from equations of the forms (2.1) and (3.2) and 
from (1.10) we have 


dx'" 




fll X-i -T~ flJc , 

dx-f dx 


V Hk d; . 


If in the right-hand member we sum first for ky all the terms for any^ 
vanish except when k ^ jy and consequently 

(3.4) Ht ^ f^j = 

Each member of this equation consists of the sum of n terms, and 
the members being equal because of (1.2), it follows that is 
an invariant. 

Suppose conversely that we have an equation such as (3.4) in 
which it is assumed that A* are the components of a contravariant 
vector. In consequence of (2.1) we have 

Prom this equation it can be concluded that fit is a covariant 
vector, if A-/ is an arbitrary vector and only in this case. Hence: 

If the quantity I* is an invariant and either I* or f** are the 
components of an arbitrary vector^ the other set are components of 
a vector. 



g 1 . Tensor analysis 

Let Xi be the components of a covariant vector and consider the 
equation 

( 3 . 5 ) Xidaf=0. 

This equation admits n — 1 linearly independent sets of values of 
the differentials da^ in terms of which any other set is lineai’ly 
expressible. The totality of directions at a point satisfying (3.5) 
constitute what may be called an elemental Vn-i at the point. 
Hence a covariant vector field may be considered geometrically as 
defining an elemental Fn-i at each point. In general, equation (3.5) 
does not admit a family of solutions of the form /(a?% a?*^) ~ c, 

where c is a constant; when it does, that is, when (3.5) is com- 
pletely integrable, the elemental I n-i’s at all points of such a hyper- 
surface f — c coincide with the hypersurface. 


Exercises 

1. If 1 .' = 9, = 0 ( j 4 ^ 1 ), where 9 is an arbitrary function of the x’s, are 

taken as the components of a contrayariant vector in the x's, the components A'* 
in any other coordinate system are given by 


2 . If Aj =- 9, 1. = 0 (j 4 = 1 ), where 9 is an arbitrary function of Uie x% are 
taken as the components of a covariant vector in the x’s, the components in any 
other coordinate system x'* are given by 


Af 



/ 3 . If Aai* are the components of n vector-fields in a Vn. where i for i ==; 1, • • • , n 
indicates the component and a for a == 1, • • • , n the vector, and these vectors are 
independent, that is, the determinant IA<k|' | t 0, then any vector-field A* is ex- 
pressible in the form 

A* = a® Aop j’, 

where the a’s are invariants. 

> 4 . If fiL^ are the components of a given vector-field, any vector-field X* satisfying 
A*/«| = 0 is expressible linearly in terms of n — 1 independent vector-fields A^f for 
a =: 1. » — 1 (TJie vectors X„f are independent, if the rank of the matrix 

llAoi‘11 is n-1). 

5 . For a linear transformation of the form x'‘ = o'/**, where the o’s ore 
constants and the determinant a = \a*j\ 4= 0, the coordinates are components of 
a contravariant vector-field in both coordinate systems. If we put 
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we have an induced transformation on the u’s given by ui = At Uf, where Ai is 
the cofaetor of a/ in the determinant a divided by a. Show that ui and %u are 
components of a covariant vector in the x’s and a;'’s for the given transformation. 

4 . Tensors. Symmetric and skew-symmetric tensors. 
Let be the components of two contravariant vectors and hy v* 
the components of two covariant vectors. K we put 

(4.1) afj = A* fiJ, a.j == fjj, aj = Sj, 

and denote by and a'j the same functions in the components 

fi*\ tji for a coordinate system a?'*, it follows from equations 


of the form (2.1) and (3.2) that 


(4.2) 

tij kl ^ ^ 

“ ax* 

ax'-'' 
ax* ’ 

(4.3) 

, ax* 

ax* 

ax'^’ 

(4.4) 

H k 9x'* 

ax* 

ax'-'” 


If wc have any two sets of functions in two coordinate systems 
satisfying equations of one of these forms, we say that 

are the components of a contravariant tensor of the second 

order, 

aid are the components of a covariant tensor of the second order ^ 
a^ are the components of a mixed tensor' of the second order. 
It should be observed that as thus defined any tensor of one of 
these types is not necessarily obtainable from vectors as in (4.1). 

From this definition it follows that any set of quantities can 
be taken as the components of a tensor of the second order of any 
type and the components of the tensor in any other coordinate 
system are defined by (4.2), (4.3) or (4.4), according as the tensor 
is to be contravariant, covariant or mixed. 

As an example we consider the case a^ == df, where df ai’e the 
Kronecker deltas defined by (1.5). From (4.4) we have 




af 


ax'* 0x^ 


ax* 


ax''' 


8x'* _ 

ax» dx'^ ~ 
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Hence: 

If the Krmecker deltas are taken as the components of a mixed 
tensor of the second order in one set of coordinates, they are the 
components of the tensor in any set of coordinates. 

Tensors of any order are defined by generalizing (4.2), (4.3), (4.4). 
Thus the equations 


(4.5) 


a'"*' 


dx' 

dx^' 




define a contravariant te^isor of the mth order , 


(4.6) 


Or. - 




dx""^ 



a covariant tensor of the mth orde)'; 


(4.7) 


a 


P^ 




l£l 


d x^”* dx^ 
a/* dx'^^ 


dj^ 

dx'^^ 


a mixed tensm^ of the m + S' orde^' which is contravariant of the 
mth order and covariant of the qth ordxr.^ 

Concerning these definitions we make the following observations 
and deductions* 

(1) A superscript indicates contravariant character, a subscript 
CO variant; 

(2) Any set of functions in sufficient number can be taken as 
the components of a tensor of any type and order in one coordinate 
system and the components in any other system are defined by 
equations (4.5), (4.6) or (4.7) as the case may be; 

(3) A contravariant vector is a contravariant tensor of the first 
order; a co variant vector is a co variant tensor of the first order; 

(4) An invariant is a tensor of zero order. The latter designation 
is a more appropriate term than invariant because of the possible 
ambiguity of the term invariant; 

(5) From (4.5), (4.6) and (4.7) it follows that if the components 
of a tensor in one coordinate system are zero at a point, they are 


^ It can be shown as in § 2 that these definitions possess the group property. 
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zero at this point in eveiy coordinate system; in particular, if the 
components are identically zero in one coordinate system, they are 
identically zero in every coordinate system. 

From the form of equations (4.5), (4.6) and (4.7) it is clear that 
the order of the indices plays a role in these equations. Suppose, 
however, that the relative position in the a’s of two or more indices, 
either contravariant or covariant, is immaterial, w'hich means that 
the a’s with these indices interchanged are equal. Then from the 
form of these equations it follows that the order of the corre- 
sponding indices in the a'’s is immaterial. For example, suppose 
that in (4.5) ‘ \ then we have 

d,T^ * dx^ 

... 9 ^''" ..r^ 

a/' * 0 7"- 

When the relative position ot two or more indices, either contra- 
variant or covariant, in the components of a tensor is immaterial, 
the tensor is said to be symmetric with respect to these indices. 
If the order of all the indices is immaterial, the tensor is said to 
be symmetric. 

A general tensor of the second order has components, whereas, 
if the tensor is symmetric, there are only n{n+l)/2 different 
components. Similar formulas for the number of components can be 
obtained for symmetric tensors of higher order or tensors symmetric 
mth respect to certain indices. 

AVhen for a tensor tw^o components obtained from one another 
by the interchange of two particular indices, either contravariant 
or covariant, differ only in sign, the tensor is said to be skew- 
symmetric with respect to these indices. AVhen the interchange of 
any two indices, either contravariant or covariant, produces only 
a change in sign in the components, the tensor is said to be skew- 
symmetric. It can shown as above, that if a tensor has the property of 
skew-symmetry in one system of coordinates, it has it in every system. 

If aij is skew-symmetric, then a,> ~ 0 and there are only n{n — 1)/2 
different components. Also, if Or,. is skew-symmetric in an 
w-dimensional space, all the components are zero or equal to within 
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sign. For a four>dimensional space there are 6 different components 
of a skew-symmetric tensor Oy (it is sometimes called a six-vector), 
5 . Addition, subtraction and multiplication of tensors. 
Contraction. From the form of equations (4.5), (4.6) and (4.7) 
it follows that the sum or difference of two tensors of the same 
type and order is a tensor of the same type and order. The same 
is true of any linear combination of tensors of the same type and 
order whose coefficients are constants or invariants. As an example, 
we consider any tensor a,;. If we write 

(^• 1 ) ~ (UtV djd 4" (®tj dji ) . 


the first term on the right is a symmetric tensor and the second 
is skew-symmetric. Hence any covariant (or contravariant) tensor 
of the second order can be written as the sum of a symmetric 
tensor and a skew-symmeti-ic tensor. 

The process which was used in (4.1) to obtain tensors from 
vectors is not limited to the case of combining vectors. Thus if 
Oij and are the components of two tensors in coordinates a;*, 
we have 


(5.2) 




da^ dxJ dx'*' dx' 


dx'^ dx'- daf dj' ' 


and consequently are the components of a tensor of the 

fifth order, covariant of order 2 and contravariant of order 3 , 
This process is general, so that by multiplying the components of 
any number of tensors, we obtain a tensor, called the prodmt of 
the given tensors, which is covariant and contravariant of the 
orders obtained by adding the co variant orders and contravariant 
orders respectively. This is sometimes called the outer product. 

For any mixed tensor the expression is the sum of 
n components of this tensor. We shall show that it is a tensor 
of the third order. For we have 

.. 9a;'® dx'^ dx^ daf 

--- 9^i 9^ 9^,^* 

== -y _ .a dx'" daf 

da* da*'" ax'*" 



5. Addition, subtraction and multiplication of tensors. Contraction 13 


Hence from (4.7) it follows that is a tensor, covariant of the 
second order and contravariant of the first order. This process 
by means of which from a mixed tensor of order r we obtain a 
tensor of order r — 2 is called contraction. Observe that in applying 
contraction any superscript may be used with any subscript.^ 

In particular, from the tensor aj we obtain an invariant a\ by 
contraction. In § 4 we saw that the Kronecker deltas dj are the 
components of a mixed tensor; by contraction we get the sum of 
n terns each of which is 1, and thus the invariant d\ is n. 

This process may be repeated, thus from the above tensor we 
have by two contractions a vector, such as any of the following: 




q}J 

^rij’ 


TJX 


Multiplication and contraction may be combined to give tensors. 
Thus from the tensors Oij and we may obtain a tensor of the 
third order, such as a,*; or ai} or a vector as Oij This 
combined process is referred to by some writers as inner multi- 
plication. We remark that this process was used in (3.4). 

Let be a set of functions of and be a set of functions 

of such that and are the components of a tensor, 

when is an arbitrary vector. From this hypothesis and in con- 
sequence of (4.7) and (2.2) we have 




,, ax'“ dx'^ 035* 0X”* 

fitj 

035* dx> 0x" 




,»< 035* 0x'" 
0X'’' 0X’ 


dx^ 

dx' 




Since is arbitrary, we have 

.. dj^ dx*^ dx^ dxf' dx'*^ 

9a5> 0x'’' ax'"’ 


and consequently and ^ components of a mixed 
tensor of the fifth order. This proof applies equally well when 
any of the subscripts is used for contraction with 1'; also a similar 
result can be established if the arbitrary vector is covariant. Since 


* JStcci and Levi-Cmta^ 1901, 1, p. 133 caU the process eompoaition^ and German 
writers, VerjUngung. 
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the proof is not conditioned by the number of indices of the 
functions a, we have the following theorem of which the theorem 
of § 3 is a particular case: 

Given a set of functions of o>nd a set 

kf o,nd components of a tensor in 

the coordinates .y* and respectively ^ when and are com- 

ponents of an arbitrary vector in these respective coordinates, the 
given functions are components of a tensor of one higher order, 
A similar theorem holds if is replaced by a tensor of any 
type and one of the indices is contracted. This is sometimes 
called the quotient law of tensors. 

6 . Conjugate symmetric tensors of the second order. 
Associate tensors. Let gij be the components of a symmetric 
covariant tensor of the second order, that is, gij -- gji. We denote 
by g the determinant of the / 7 ,/s, that is. 


(^U) 


// 


yil • • • 9 ln I 


//nl * * • gnn 


If g^j denotes the cofactor of gjj divided by g, we have 
(6-2) g^j gkj ~ dL 


where dl have the values (1.5). For it follows from the definition 
of g^^ that when i the left-hand member of ( 6 . 2 ) is the sum 
of the product of the terms of one row (or column) of ( 6 . 1 ) by 
the cofactors of another row (or column) divided by g\ and when 
i = k, this sum is equal to gig. 

Let A* be the components of an arbitrary vector, then g^jX^ is 
an arbitrary vector, say gj. Now by (6.2) 


=--- (f'hjiji.' == djA* — 


Since gj is an arbitrary vector, we have as a consequence of the 
last theorem of § 5: 

If g is the determinant of a symmetric covariant tensor g^j, the 
cofactors of gij divided by g and denoted by g^ are the components 
of a symmetric contravariant tensor. 



6. Conjuj^ate sjmmethc tensors 
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It is clear that in like manner if are the components of a 
symmetric contravariant tensor, the cofactors of in the determinant 
of the g^J's divided by the determinant are the components of a 
symmetric covariant tensor of the second order. In either case 
we say that the tensor obtained by this process is the conjugate 
of the given one. 

As a consequence of the above result and (6.2) we have that 
Sic are the components of a mixed tensor, which was proved directly 
in § 4. 

If in (6.2) we replace k by i and sum for we get n terms 
each of which is unity. Hence for the invariant obtained from 
a symmetric tensor of the second order and its conjugate we have 

(6.3) g^gij = n. 

If we denote by ^ the determinant of g^, we have by the rule 
for multiplying determinants and (6.2) 


( 6 - 4 ) gg 


1.911 • ' 

■ • ffln 





1 

0 

0 .. 

•0 

• 




• • 


0 

1 

0 •- 

•0 

!. 9 «i • 

• * gnn 


. 


I 

0 

0 


• • 1 


and from (6.2) it follows that gij is the cofactor of g^ in g divided 
by y. 

By means of a symmetric tensor gij and its conjugate g^ we can 
obtain from a given tensor, by means of the methods of § 5, tensors 
of the same order but different chai’acter. Thus, if Oyk are the 
components of a tensor the following expressions are components 
of tensors of the character indicated by their indices: 

(6 5) ^ ^ 

a!\ = .9*' (f'j Qijk ; ^ ^ — S''* g^g^onk. 

lu sunilar maimer from the tensor of components we obtain 
tensors of the following types of components; 

( 6 . 6 ) — gu b^; btm = gngmj bimp — guffmjgpk b^. 
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We say that these tensors are associate to the given tensor by means 
of gij. Similarly we find tensors associate to any mixed tensor. 
We speak of this process as raising the subscripts by means of g^ 
and lowering superscripts by means of gij. We might write the first 
of (6.5) thus aj^, but we use the notation in (6.5) to indicate which 
index has been raised or lowered. 

We remark that this process is reversible. Thus multiplying the 
first of (6.5) by gim and summing for 1^ we have 

9im = 9i^ 9“ ank ^ - 

which is the tensor from which a^jj, was obtained. 

Exercises 

1. If a k.fij is an invariant for ti^ and » ’ arbitrary vectors, then are 
the components of a tensor. 

^ 2. If is an invariant for I* an arbitrary vector, then + we the 

components of a tensor; in particular, if == 0, then a^-|-ay^= 0. 

^3. If a^^^djc^dx^ dx^ = 0 for arbitrary values of the differentials, then 

I 4. If = 0 for all vectors I* such that = 0, where is a given 

covariant vector, if is a vector not satisfying this condition, and by definition 

then $*$>==0 is satisfied by every vector-field I* (cf.Ex. 4, p.8), 

and consequently 

Schouten , 1924, 1, p. 69. 

«• 5. If are the components of a tensor and b and c are invariants, show that 
if ha^-\-ca^ = 0, then either 6 = — c and is symmetric, or 6 = c and 
is skew-symmetric. 

6. Let be a set of f auctions of (t = 1, • • •, n) symmetric in i and j such 
that the determinant | | = 0, and the set of functions defined by the equations 

= 0; if by and 1^ are taken as the components of a tensor and vector in 
the x*B, in accordance with the theorem of § 2 a coordinate system x'* cqn be 
.ch^fkifi for which bjj = 0 0’ = 1, n), 

''w. By definition the rank of a tensor of the second order is the rank of 
the determinant | 1 . Show that the rank is invariant under all transformations 

of coordinates. 

8. Show that the rank of the tensor of components a^b^, where a^ and b^ are 
the components of two vectors, is one; show that for the symmetric teoior 
a^b^-fOybj the rank is two. 
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7 . The Christoffel 3 -index symbols and their relations. 
We consider any symmetric covariant tensor of the second order gij 
and the conjugate tensor ^ and define two expressions, due to 
Christoffel, which will be of frequent use. They are 


(7.1) 


(7.2) 


Uj, fc] 

\ij{ 


/ ^ffac j 

dgjk 


[dxJ 






Observe that from their definition {ij, &] and are symmetric 

in i and j. The symbols defined by (7.1) and (7.2) are called the 
Christoffd symbols of the ^rst and second kinds respectively. Prom 
(7.2) and (6.2) we have 


(7.3) gm = gmg’^ [ij, k] = dJEfe', k] = [ij, h]. 
Again from (7.1) we have 


DiflEerentiating (6.2) with respect to we have 




« - n 


Multiplying by and summing for Zr, we obtain 

Substituting in the right-hand member from (7.4), we find in con- 
sequence of (7.2) 

* The historical forms of these respective symbols are and |Y[ hut we 
have adopted the above forms because they are in keeping: with the summation 
convention. Of. Christoffel, 1869, 1, p. 49. 
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Prom (6.3) we have by differentiation 


(7.7) 




aa</ 

9.T* 


0 . 


Applying the rule for the differentiation of a determinant and the 
definition of we have 


(7.8) 


dJ 


99'^ 


^Jij 

dsr^ 


dg9 


the last expression being a consequence of (7.7). Substituting 
from (7.4) or (7.6) in (7.8), we have 


8 log ^9 ^ i*l 

doL'^ \in 


the right-hand member being summed for /. 

The Christoffel symbols of either kind are not components of 
a tensor as will be seen from the following results. If gij and gij 
are components of the given tensor in coordinate systems and x\ it 
follows from (4.3) that 


(7.10) 




d.f‘' dxJ 

~Z 

9 ./• 9 .r 


Differentiating with respect to we have 


(7.11) 


^ dgji 9,r^ 

da'"' dx^ dx'"' 



d ^xj 

o f*' a 

9 X 9 X 


do^ \ 

dx^' dx^i 


The first of the following equations is obtained from (7.11) by 
interchanging ii and or throughout and the dummy indices i and k 
in the first term of the right-hand member, the second by inter- 
changing V and c throughout and the dummy indices j and k in 
the first term of the right-hand member: 


dgav _ dg}^ dxf^ dx^ dX’^ 

dx'^ 9 a;* dx'^ dx^^ 

dgjjff dgik da^ dx^ 

dx'^ ~ dxi dx'^ ex^^ dx'^ 


I dx^ 

9V . 

da9 9*a:‘ \ 

\9a:'" 

9a;"‘9a;'’' "* 

dx'’'dx'^dx"'l 

/dx^ 

9V 

. da9 9*05* \ 

\dx"‘ 

9*'" 9*''^ 

dx'^ dx^^dx'f 
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If from the sum of these two equations we subtract (7.11) and 
divide by 2, we have in consequence of (7.1) 


(7.12) [fip,aY 


liiyM 


dx^ dxj da^ 


9 ij 


dx^*^ dx'^dx^^* 


where [f/'V^oY is formed with respect to the tensor Since 
these equations are not of the form (4.5), (4.6) or (4.7), it follows 
that the functions [ij, k] are not components of a tensor. The 


same is true of as follows from (7.2), or from the following 

9 

equation obtained by multiplying (7.12) by g'” r , summing for c 

9.r' 

and making use of 


(7.13) 
and (6.2): 


9 


•dx'° 



(7.14) 


I A 1 ' 9a:* ) ( ( 9a:’ 9.r-' . 9*a^ 

Vrl g,r"^ ~ aa;'*’ •dx’'' 9a'''‘9a''’'‘ 


8. Riemann symbols and the Riemann tensor. The Ricci 
tensor. We consider now equation (7.14) and the similar equation 

(Q \ — i ^ j M 

~ Vff’ dx’^ M dx''‘ sx'”' 


If we differentiate this equation with respect to x'^ and (7.14) 

(f d ^X^ 

with respect to x' and eliminate — resulting 

9 X d X 9 X 

equation is reducible by means of equations of the form (8.1) to 


( 8 . 2 ) 

where 

(8.3) 


R 


fJLor 



— R^ i/k 


dx* dx^ da^ 


R^iik^ 


Lin i i^ii ^ > 

9 ay dx^ njf ' HW \mj) \ij\ \mky 


2 * 
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and is the similar expression in the symbols for If 

(8.2) be multiplied by and summed for t, we have 
daf 


(8.4) 


B'" 


fitty 




dx'^ dx^ 

dx*^ dx'"" dx'"'' 


Hence which are called Riemann symbols of the second kindy 
are the components of a tensor contravariant of the first order 
and covariant of the third order. It is called the mixed Riemann 
tensor of the fourth order. From (8.3) it follows that the tensor 
is skew-symmetric in^‘ and k. The components Rhijk of the associate 
covariant tensor of the fourth order, defined by 

(8.5) Rhijk == gmRhjk. R^ijk = f^Rhijkj 


are called the Riemann symbols of the first kind. 

If (8.2) be multiplied by gih and summed for I, we have, 

dx'^ 

in consequence of (7.10) and (8..5), 

da^ aa?' dx> 8a* 


( 8 . 6 ) 


B'. 


rfiar 


Bh(jk ' 


dx'^ dx''‘ dx'" dx'" 
From (7.3) and (7.4) we have 


(8.7) 




dgih 

dxi 




Hence from (8.3), (8.5) and (8.7) we obtain 


(8.8) Bulk = ^ [»■ &, A] — [ij, A] + I L [ [hk, — I I [hj, i] . 
In consequence of (7.1) and (7.2) this is reducible to 

Bkinc = ^ I 8*gifc \ 

189) ^ 2 [da^dxJ ^ da*da^ dor^da^ 8a^8a>^/ 

+ m] [hk, fl— [t*, m] [hj, f]). 
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From (8.9) we find that the symbols of the first kind satisfy 
the following identities: 


( 8 . 10 ) 

and 

( 8 . 11 ) 


Rhijk = — RihJkj 
Rhijk == — Rhikj, 
Rhijk = Ejkhij 

RhUk-^" RhJki-\^ Rhkij == 0 . 


From (8.10) it follows that not more than two of the indices 
can be alike without the components vanishing; the same is true 
if the first two or second two indices are alike. Because of (8.10) 
there are n(n — 1)/2 (= w#) ways in which the first pair of 
indices are like the second pair, and — 1)/2 ways in which 
the first pair and second pair are unlike; hence there is a total 
of W 8(«2 + 1)/2 distinct symbols as regards (8.10). However, 
there are n(n — l)(n — 2)(n — 3)/4! (= n 4 ) equations of the 
form(8.11). Consequently there areti8(n8 4- 1)/2 — Wi = n*(n*— 1)/12 
distinct symbols of the first kind.’*' 

In consequence of (8.10) we have from (8.8) 

( 8 . 12 ) + 

Also from (8.10) and (8.5) we have 
(8.13) JZV = — 

If B%k be contracted for I and k, we have, in consequence of 
(7.9), the tensor Eij whose components are given by 

yik) \mj) 

Jwt( dlogVg 
\ijf Sa:"* ’ 

* Of., Ckrittoffel, 1869, 1, p. 66. 

t -Bicci and Levi Oivito, 1901, 1, p. 142 denote B^ as defined by (8.12) by 
and Biancfii, 1902, 1, p. 73 denotes it by iihjkj). Also the latter puts 
|ii,^j| = g^^iih^kj); hence {ii, A:y} is equal to — .B*^» by (8.13). 


Eii = Iif‘i 


ijk 


(8.14) 


dx^ dxj 
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which evidently is symmetric. We call the tensor Rij the Bicd 
t€ns(yr, as it was first considered by Ricci who gave it a geometrical 
interpretation in case gij is the fundamental tensor of a Riemann 
space (cf. §34).* 

Exercises 

1. If itijk in (8.3) is contracted for I and i, the resulting tensor is a zero tensor. 

2. li Uij — Q Oij, then « = -i- where B — Bij. 

n 

3. Show from (7.14) that for transformations a?'* = • • •, x’* x'"' = x^' 

the Christoffel symbols where i, j == 1, •••. n — 1, are the components of 

a symmetric covariant tensor in a variety = const.; likewise and 
are the components of a mixed tensor and a covariant vector respectively. 

4. Show that the tensor equation a*^ = a where a is an invariant, can be 

written in the form (a*^. — « \ = 0. Show also that = dj a, if the equation 
is to hold for an arbitrary vector 1%, 

5. If a*j I = a holds for all vectors A. such that a' = 0, where // is a given 
vector, then (Cf. Ex. 4, p. 16) 

a) = 

Schouten, 1924, 1, p. 59. 

9 . Quadratic differential forms. If gij are the components 
of a tensor, the quadratic differential form g^ dx^ dod is an invariant, 
that is (§§ 2 , 3X 

( 9 . 1 ) (fn,,dx'^ dx”' — g^jdx^dxK 


Conversely if this condition is satisfied for arbitrary values of the 
differentials, it follows from equations similar to (1.9) that 


/ , dx^ dxj \ . fv r. 


and consequently 


9fiv'TgvfA 


If we assume that is symmetric this reduces to (7.10). However, 
if in (9.1) we put fij = i(gij + gji\ we have a quadratic form whose 
coefficients are symmetric. Hereafter we assume that we deal 
with symmetric forms. 


* Ricci, 1904, 2, p. 1234. 
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At any point of space g^dx^dx^ is an algebraic quadratic form 
in the differentials, and the transformation (1.9) is a linear trans- 
formation with constant coefficients. Hence we can apply the 
algebraic theory of transformations at a point. In particular, we 

ax'* 

know that the values of can be chosen at a point so that 

9*tiv = 0 for If the transformation is to be real, it is not 

always possible to choose the transformation so that all of the 
quantities are positive. But according to Sylvester’s law of 
inertia the difference between the number of positive coefficients 
and the number of negative coefficients is invariant for real trans- 
formations; this difference is called the signature of the form. Thus 
by a real transformation a quadratic form at a point is reducible to 

(9.2) {dx^f + • • • ^ {da^f ~ {dxP^ — {daf^)K 


where the integer 2p — n is the signature of the form.* In particular, 
if the signature is n for each point of space, the quadratic form is 
said to be positive definite. 

If g' denotes the determinant from the rule for multiplication 
of determinants and (7.10) it follows that 

(9.3) - gJ\ 


where J is the Jacobian 




doc 




Thus if g and g' differ in sign 


at a point, the transformation is imaginary. 

lo. The equivalence of symmetric quadratic differential 
forms. We have seen that equations (7.10) are a necessary con- 
sequence of the equivalence of two symmetric quadratic forms (9.1). 
We seek further conditions upon the y’s and the ^'’s in order that 
(7.10) may admit a set of n independent solutions x^ = , re'**) 

for i = 1, • • •, 71, by means of which the forms (9.1) are trans- 
formable into one another. 

If we put 

/I A 1\ t 

( 10 . 1 ) ^ = 


‘ Cf. Bother, 1907, 1, p. 146. 
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equations (8.1) become 


( 10 . 2 ) 



Hence the problem reduces to the determination of w (n + 1) functions 
satisfying these differential equations and also the w (w+ l)/2 
finite equations 

(10.3) = 0, 
which follow from (7.10). 

The conditions of integrability of (10.1) are satisfied identically in 
consequence of (10.2), and the conditions of integrability of (10.2) are 

(10.4) = Rhijkp\ , 


as follows from (8.6) which is equivalent to (8.2). 

Prom the manner in which equations (7.14) were obtained from 
(7.10) it follows that for any set of solutions of (10.1) and (10.2) 
the left-hand member of (10.3) is constant, and consequently, if 
the initial values are chosen to satisfy (10.3), the solutions will 
satisfy (10.3). This imposes n (w + 1)/2 conditions on the constants 
of integration of (10.1) and (10.2). Hence the solution, if it exists, 
admits at most w (n + 1)/2 arbitrary constants, and then only, if 

(10.4) is satisfied identically or as a consequence of (10.3). For 
otherwise equations (10.4) impose further conditions, as may also 
the equations obtained by differentiating them and substituting the 
expressions for the first derivatives from (10,2). This result may 
be stated as follows: 

The general transformation of a quadratic differential form in n 
variables into another form contains at most n (n + 1)/2 arbitrary 
constants*. 

Prom the results of § 9 it follows that for the transformations 
to be real at a point the signature of the two forms must be equal 
at the point. 

Consider in particular the case of two sets of functions and g'^^ 
for which the Riemann symbols of the first kind for both sets 
vanish. Then (10.4) is satisfied identically and consequently the 
differential forms g^j (k& dx-i and g^^y dx'^ dx^^ are transformable into 
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one another by a transformation involving n{n + 1)/2 constants. 
The Biemann symbols of the first kind for the .(/'’s are zero, if the 
quantities are constants, as follows from (7.1) and (8.8), and 
these symbols for the .^’s must be zero, if the two forms are 
equivalent. Hence: 

A necessary and sufficient condition that a quadratic differential 
form Qij dx^ dx^ he reducible to a form with constant coefficients is 
that the components of the Biemann tensor vanish; the transformatio^i 
involves w (n + 1 )/2 arbitrary constants. 

From the results of § 9 it follows that any quadratic form satisfying 
the conditions of the theorem is reducible by real transformations 
to the form (9.2), where p is determined by the signature of the 
given form. 

Returning to the consideration of (10.4), we remark that, if (10.4) 
is to be a consequence of (10.3), the tensor Rhijk must be the sum 
of tensors of the fourth order whose terms are products of two ^’s. 
Since is symmetric, the most general form is 

Bh%}k — (ighigjk + bghjgiK + cghkguy 

where a, h, c are invariants. Interchanging j and k and subtracting 
the resulting equation from the above, we have, in consequence 
of (8.10) and on replacing \ {b — c) by b, 

(10.5) Bhijk = bighjgik — ghkgifi^ 

It is readily shown that (8.10) and (8.11) are satisfied, whatever 
be 6. However, it will be shown in § 26 that b must be a constant. 
A quadratic differential form possessing the property (10.5) is said 
to have constant curvature b] the significance of this term will appear 
in § 26. 

When two given quadratic forms satisfy (10.5) for the same 
constant b, the equations (10.4) are satisfied identically. Hence: 

Two irreducible quadratic differential forms which have the same 
constant curvature admit a transformation into one another involving 
n (n + 1)/2 arbitrary constants; conversely^ unless this condition is 
satisfied by two irreducible forms the numbei' of parameters is less 
than w(7^+l)/2. 
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It is beyond the scope of this work to consider further the 
equivalence of two quadratic differential forms. Christoffel* has 
given the solution of the general problem. 

II. Co variant differentiation with respect to a tensor g/y. 
In § 3 it was seen that the derivatives of an invariant are the 
components of a covariant vector. It will be shown that this is 
the only case for a general system of coordinates in which the 
derivatives of the components of a tensor are the components of 
a tensor, but at the same time we shall find expressions involving 
the first derivatives which are components of a tensor. 

Let and be the components in two coordinate systems 
of a contravariant vector, and differentiate with respect to X'^ 
the equation 


(11.1) 


Xi = X 






dx' 


/A 




daf 

dx'"" 


with the aid of (8.1), (2.1) and (2.2), we obtain 


1 

1 

I 


a a;'*' 

da^ 

I X^^ 

ax'*' 

dx^ 

dx"' 

aav 

dx"^ 

dx'^ dx*^ 

dxJ 

= 


dxj 

a a? 
Sx"^ 

1 ,,<r dx''’ /)/*!' 9a? 

9ay dx"^ 

= 


+ 1' 

<r j ^ 1 

Itfvf 

dx'"' dx* 

1 9a? ax''' 


If we put 





(11.2) 




ax> ' 1 

W’ 


j i \ dxf^ \ 
\hki 


the above equation becomes 


X* 


J '■ 




dx^ 


dx''"' 


Hence i.\j are the components of a mixed tensor of the second 
order. The components i.*j as defined by (11.2) are said to be 


1869, 1, p. 60. 
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obtained from the vector X* by covariant differentiation with respect 
to the tensor gij. We speak also of the tensor as the co variant 
derivative of the vector with respect to Throughout the 

remainder of this chapter it is understood that co variant differentiation 
is with respect to gy. 

If we proceed in similar manner with equations (3.3), we find 
that Xij^ defined by 

( 11 . 3 ) 


<ire the components of a covariant tensor of the second order. 
The components Xij are said to be obtained from the vector Xi by 
covariant differentiation with respect to the tensor gy. 

From (11.3) we have 




dh 


which is the mrl of the vector A,. For Xij to be symmetric, 
Xi must be a gradient (§ 3). Hence: 

A necessary and sufficient condition that the first covariant 
derivative of a covariant vector be symmetric is that the vector he 
a gradient 

If we differentiate with respect to the equation 




dx^ 


dx^ 

dx'^ 


and substitute for the second derivatives of x* and x^ expressions 
of the form (8.1), the resulting equation is reducible to 






^ \: 

f*cl 


0x* 9X-' 


ax'^ ax'*' 0x'*^‘ 


Hence , defined by 
(11.4) 


dOy 
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are the components of a covariant tensor of the third order. The 
components a</,fc are called the first co variant derivatives of (nj with 
respect to .< 7 , 7 . In like manner it can be shown that the covariant 
derivatives of and crj, defined by 


(11.5) 
and 

( 11 . 6 ) 


\kkl 




are mixed tensors of the second order. Observe that covariant 
differentiation is indicated by a subscript preceded by a comma. In 
particular, the co variant derivative of an invariant /is the ordinary 
derivative of the function, and is indicated by /i. 

The general rule for covariant differentiation is 


(11.7) 


■ V' a ’1 

I ^ I -it 


From (11.4), (7.4) and (11.5), (7.6) we have 

(11.8) f/ij,k - 0, fjjc — 0. 

Also from (1.5) and (11.6) 


In consequence of the form of (11.7) it follows that the covariant 
derivative of the sum (or difference) of two tensors of the same 
order and kind is the sum (,or difference) of their covariant derivatives. 
If we effect the covariant derivative of the tensor aij we have 






* The tensor character of covariant derivatives was first established by 
(Jhriatoffel, 1869, 1, p. 56. 
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which is the same as the rule of the differential calculus. Since 
a tensor formed by multiplication and contraction is a sura of 
products, we have also 

Hence we have the general rule: 

Covariant differentiation of the sum, difference, outer and inner 
multiplication of tensors obeys the same rules as in ordinary 
differentiation. 

From (11.8) and (11.9) follows also the rule: 

The tensors gij, and d] behave as though they were constants 
in covariant diffen'entiation with respect to g^. 

Thus if and yt arc any vectors and It and are their respective 
associates by means of gij (§ 6), the derivatives of the invariant 

( 11 . 10 ) 1 ^ )Jyi — g^^kyi 

are given by 

( 11 . 11 ) Ij: g'^ (^‘'/, k y i + h yi, k) — y^ k-h ^^yi,k» 

If A/ in (11.3) is the gradient f/ of an invariant f, we have 


( 11 . 12 ) 



fij denoting the first co variant derivative of fi and the seco7id of f. 
It will be found that this is the only case in which the order of 
covariant differentiation is immaterial. 

If we differentiate covariantly the tensor Aj-,; defined by (11.3), 
we have 




9 

da/^ 


9*Ai 


dxJ dod^ 



1 _ 
\?jl/ \dx-> 


1 dk 
Vaa:'* 

dk 1 

n_ (/u. 

da^ \ 

ij) dx-> 



liDIM 

9At 1^1 


(11.13) 
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Consequently we have 

(11.14) ^ijk — = hS^iiki 

where is given by (8.3). 

In like manner for a tensor we find 

(11.15) kl — «</, Ik ““ Clih R^Jkl + dhj R^ikl , 
and in general 

1 - • -m 

(11.16) Or,.. r^,W 

a 

This result is due to Ricci and is called the Ricci identity.^ When 
covariant differentiation is used in place of ordinary differentiation, 
this identity must be used in place of the ordinary condition of 
integrability. Thus (11.14) follows from (11.13) as a consequence of 

d ldXi\__ d I dki\ 
da^ [dxjj dxJ \ doc/^T 


The corresponding formulas for contravariant tensors follow on 
raising indices by means of and noting that the latter behave 
like constants in covariant differentiation. Thus, if (11.14) be 
multiplied by and summed for i, we have 


{g^^i),jk (g^^^i),kj — g^ Rlyk — g^^^ Ri^ky 

and consequently 

(11.17) — =■ —l^R\k. 

In general 


(11.18) 




•r_ r,- 



»'m ip^ 







A necessary and sufficient condition that the Christoffel symbols 
be zero is that all of the ^</’3 be constant, as follows from (7.1) 
and (7.4). Combining this result with the second theorem of § 10, 
we have the theorem: 

* Bicci and Levi-Civita^ 1901, 1, p. 143. 
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In order that there exist a coordinate system in wHich the first covariant 
derivatives with respect to a tensor gij reduce to ordinary derivatives 
at every point in space, it is necessary and sufficient that the Riemann 
symbols formed with respect to go he zero and that the x's he those 
for which go are constants. (Cf. § 18.) 


Exercises 


1. The second theorem of § 11, and the identities (11.16) and (11.18) are con- 
sequences of the definitions of covariant differentiation and do not involve an 
assumption that the quantities differentiated are components of tensors. 

By applying the general rule of covariant differentiation of § 11 to the 
invariant show that this rule implies that the covariant derivative of an 
invariant is the ordinary derivative. 

The tensor defined by 






•«r 


is called the coniravariant derivative of f with respect to g^j. Show that 
= 0. Ricci and Levi-Civiia, 1901, 1, p. 140. 

4. If Oij is the curl of a covariant vector, show that 


k + (hk-, * “h ~ 0, 

and that this is equivalent to 

dcuj , P 


Is this condition sufficient as well as necessary that a skew-symmetric tensor Oy 
be the curl of a vector? ^ " Eisenharty 1922, 1. 

' 5. By definition are the components o^ a relative tensor of weight if the 
equations connecting the components in two coordinate systems are of the form 


,a/iy ijk d x^ aac** 


where J is the Jacobian 


Show that if atj is a covariant tensor, then 


ax* 

the cofactor of Oij in the determinant |a^| is a relative contravariant tensor of 
weight two. 

• 6. If Gag is a covariant tensor of rank n — 1 (cf. Ex. 7, p. 16), there exist 
two relative vectors 1" and both of weight one, such that the cofactor 

of Qafi is of the form When is symmetric, 1® and are 

the same relative vectors. 

• 7. When a relative tensor is of weight one it is called a tensor density. Show 
that if the components of any tensor are multiplied by the square root of the 
non- vanishing determinant of a symmetric covariant tensor, they are the^ com- 
ponents of a tensor density. 
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/8. The invariant A* < is called the divtrgemt of the vector with respect to 
^he symmetric tensor gi}. Show that 






aV, = 


Vg 9^ 

9 . Show that the divergence of the tensor with respect to the symmetric 
tensor g^^ that is, has the expression 

and that the last term vanishes, if is skew-symmetric. 

10 . The divergence of a mixed tensor a/ is reducible to 

i - JL„ 

■ yy Zxi 

Show that if the associate tensor is symmetric, 






a** yy‘ dxi ^ 2 9ii:’ ■ 

Einstein, 1916, 1, p. 799. 


Yg dX^ 

11. When gij and aj are the components of two symmetric tensors, if 


g.j au — gn (ijl + gjk au — gn asj = 0 (i, j, k, I = 1, . . . , n), 

then Oij = Qg,j, 

12 . If aijki is a tensor satisfying the conditions (8.10) and for a vector I-' we 
have 1* ttijki — 0, a coordinate system x' can be chosen for which are zero, 
when one or more of the indices is n. 

13. Let la I* for i = 1, . • • , n denote the components of n independent contra- 
variant vectors, where the value of a for « = 1, • • • , vt indicates the vector 
(cf. Ex. 3, p. 8), and let il” denote the cofactor of IcT in the determinant 
^ = l^al*| divided by A. Show that the quantities il" for each coordinate system 
are the components of a covariant vector, a indicating the vector and i the 
component. 

14 . Show that if ahi}fAi\ kz\ = 0 for any two arbitrary vectors lif 

and l 2 f, then 

ausjk -}■ rtA-’vi 4" 4“ ~ 0 5 

^Iso when akijh possesses the properties (8.10) and (8.11), then akijk = 0. 

15 . Show that when in a Vt the coordinates can be chosen (Cf. § 15) so that 
the components of a tensor g^j are zero when i 4= then 

Ehj — B*»v, 

Esh = Ehiik 4 

9ii 9ii 

Rhuk — gkh Rii — gu Rkk 4- -g- R9kk gu = 0 


(h, 
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where ^ Kj. Hence the tensor defined hy 


Ck^k ~ Rkfjk 4 - (jjh Htk — ghk Hij 4 - /;»/ Bhj — Rkk + 

is a zero tensor (Cf. § 28). 

16. If and arj-.-r^ are the components of a tensor in F» for coordinate 

systems in the relation 

i’ =. .i\ = ifJ (oc\ • • •, ac”) (j = 2, • • n) 


and a,-,, and ar^- where ri, . . ., r« = 2, • • are developed in power 
series in x\ the coefficients of any power of jc* in these developments are com- 
ponents of the same tensor in the hypersurface = 0. Levy^ 1925, 1. 

17. If - and ar,- -r^ are the components of a tensor in for coordinate 
systems x^ and in the relation 

x> = ac^ (j = 1, . . . , jj), • • • , Jt;") (fc = 4- 1, • • • , w), 

the functions Ur, • and (h , • for which ri, • • • , rm take the values p 4“ 1» • • • » » 
and in which we put 

(1) x-' = xJ = a^, 


where the a’s are constants, are components of the same tensor in the Vn p 
defined by (1). Levy, 1925, 1. 


18. If gxj and gi^ are the components of two symmetric tensors, and 
are the corresponding Christoffel symbols, then defined by 




4-bl 


are the components of a tensor. If and denote the covariant 

0(i • . .ce 

derivatives of with respect to gtj and g,j, then 




Also if R^jki and R'jh denote the corresponding Riemann i^mbols of the second 
kind, we have 

ji^jM — R*jki = hyi. ji — bjtk, 1 4" hkk — hjk b«, 


where the covariant derivatives are with respect to the tensor g,j. 



CHAPTER n 

Introduction of a metric 


12 . Definition of a metric. The fundamental tensor. 
The geometry which has been considered thus far in the development 
of the ideas and processes of tensor analysis is geometry of position. 
In this geometry there is no basis for the determination of magnitude 
nor for a comparison of directions at two different points. In this 
chapter we define magnitude and parallelism, and develop consequences 
of these definitions. 

We recall that the element of length of euclidean space of three 
dimensions, referred to cartesian coordinates, is given by 

(12.1) ds^ = {dxy- + {dxy + idx^y, 

and for polar coordinates by 

(12.2) ds^ == + sin®6^f/9>*). 

This idea was generalized and applied to n-dimensions by Ri&inannj* 
who defined element of length by means of a quadratic differential 
form, thus ds^ == gij dx^ dx^ , where the ^’s are functions of the .x's. 
As thus defined ds is real for arbitrary values of the differentials 
only in case the quadratic form is assumed to be positive definite 
(§ 9). Much of the subsequent geometric development of this idea 
has been based on this assumption. However, the general theory of 
relativity has introduced a quadratic form which is not definite, 
and consequently it is advisable not to make the above assumption 
in the development of geometric ideas which are based on a 
quadratic differential form. 

We take as the basis of the metric of space a real fundamental 
quadratic form 

(12.3) 


*£ientann, 1854, 1. 


5P = gijdx^dx^y 
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where the g's are functions of the x's subject only to the restriction 

(12.4) g - + 

Element of length ds is defined by 

(12.5) ds^ ~ egijdx^dxf 

where e is plus or minus one so that the right-hand member 
shall be positive, unless it is zero. The letter e will be used 
frequently and will always have this significance. 

Since ds must be an invariant, it follows from § 9 that g^ are 
the components of a covariant tensor of the second order^^which 
without loss of generality is assumed to be symmetric. It is called 
the fundamental tensor of the metric, and also is refeiTed to as 
the fundamental tensor of the space. The metric defined by (12.5) 
is called the Riemannian metric and a geometry based upon such 
a metric is called a Riemannian geometry. Also we say that the 
space whose geometry is based upon such a metric is called a 
Riemannian space, just as a space with the metric (12.1) is called 
euclidean. 

The significance of equation (12.5), as defining the element of 
length, is that ds is the magnitude of the contravariant vector of 
components dx\ If are the components of any contravariant 
vector-field, then X given by 

(12.6) X^ = egijXiU 

is an invariant, which is defined to be the magnitude of the vector 
(at each point of space). If Xi are the components of any co variant 
vector and X* are the components of the associate vector (§ 6) 
by means of the conjugate of g^j, that is, 

(12.7) X^ = g^ Xjy Xi gij f 
then 

( 12 . 8 ) = g^^ gik^^gji^^ = == X^.. 

Hence the invariant g^ Xj is the square of the magnitude of the 
associate vector. 

* Unless stated otherwise it is assumed that the coordinates are real. 


8 * 
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If ^ 0 in (12.6) or (12.8), that is, 

(12.9) 0 or gvXiXj^ 0 or XiX^ ^ 0, 

at a point, we say that the vector is null at the point, and if (12.9) 
holds everywhere we have a null vector-field. If the fundamental 
form is definite at a point, at least one of the components of a null 
vector is imaginary at the point, in consequence of § 9. 

If (12.9) is not satisfied, it follows from (12.6) and (12.8) that 
the components can be chosen so that respectively 


( 12 . 10 ) 




Xj 


Ij 


where, to use the above mentioned notation, v is plus or minus one 
according as the left-hand members are positive or negative. When 
the first of (12.10) is satisfied, we say that A' are the components 
of a unit coiitravariant vector; similarly the second of (12.10) is 
the condition for a unit covariant vector. 

Any real curve V is defined by the .r’s as functions of a real 
parameter t (§ 2). Unless (12.3) is definite there may be portions 
of C for which, when (Lr® in the right-hand member is replaced by 


da;® 

dt 


df, this quantity is positive, negative, or zero. Let U and 

be values of t at ends, or at interior points, of a portion for which 
this quantity is not zero. The length of the curve between these 
points is by definition 

dx‘1 


( 12 . 11 ) 




dx* 

dt ~di 


df. 


If we replaceda by t, equation (12.11) defines s as a function of f, 
and consequently the curve may be defined by the a:’’s as functions 
of the fundamental parameter s, in which case we have 


( 12 . 12 ) 


dj^ dxj 


If for a portion of a curve, or for a whole curve. 


do!^ dx^ 
dt ~dt 


--- 0 , 


(12.13) 
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we say that it is of length zero, or minimal. We recall that in 
the space-time continuum of relativity certain lines of length zero 
are identified as the world-lines of light. 

From continuity considerations it follows that a general curve 
consists of portions the length of which is thus defined, and hence 
we can speak of the length of a curve between any two of its points. 

13 . Angle of two vectors. Orthogonality. Let itn* and 
be the components of two unit vectors, that is, 

(13.1) /a; « -- (1, 2).* 

If we put 

(13.2) cos ^ 

it is clear that the right-hand member is an invariant determined 
by the two vectors. For euclidean space with the fundamental 
form ( 12 . 1 ) this is the cosine of the angle between the lines, and 
since it is an invariant it has the same meaning when polar 
coordinates, or any other, are used. 

In the general case we define the measure of the angle by (13.2). 
Evidently cosd as thus defined is merely a symbol, unless the 
right-hand member is not greater than one in absolute value. In 
the latter case we give it the usual interpretation and thus the 
angle can be found. We shall show that this is always possible, 
if (12.3) is definite. In fact, /Ag/ are the components of 

a vector in the pencil determined by and Agi*. The null vectors 
of this pencil, determined by the values of r/i for which 

gv{rXi\^-\~tX^^) {rXJ 0, 

must be imaginary for this case. Hence we must have 

and consequently |cosd| as defined by (13.2) is not greater than one. 

* When dealing with more than one vector, we usually make use of the 
notation and Aa|( to denote the contravariant and covaiiant components of 
one of several vectors, where the value of « indicates the vector and i the 
component. In the present case « takes the values 1 and 2. 
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When the components are not chosen so that the vectors 
unit vectors, we have 


( 13 . 3 ) 


cosO = 


^ (^1 9v K i" K r') (^2 9ki K 1^ ^2 lO 


be 


as follows from (12.6). If dx^ and dx^ denote differentials for two 
curves through a point, neither of which is a curve of length zero, 
we have 


(13.4) 


COS0 - = 


gij dx^ 6x^ 


V (ex 9 ij dx^ dxJ) (e^ giu dot^) 


When (12.3) is definite, a necessary and sufficient condition 
that two non-null vectors at a point be orthogonal is 

(13.5) 9ijKn,J - 0, 

and when the form is indefinite this is taken as the definition of 
ortJiogonalitg, The problem of determining vector-fields orthogonal 
to a given field will be treated later. 

When one, or both, of the given vectors is a null vector, the 
right-hand member of (13.2) involves an indeterminate factor, since 
there is no analogue to unit vectors in this case. Accordingly in 
retaining (13.2) as the definition of angle, this indeterminateness 
is understood. Furthermore, we take (13..5) as the definition of 
orthogonality when one or both of the vectors is null. As a 
consequence, a null vector is self-orthogonal. 

For the curves of parameter x* of the space, when they are 
not minimal, we have dx^ ^ 0 , dx^ -==- 0 , (J ] i). Hence the com- 
ponents of the contravariant unit tangent vector are 1/ K eigtt , 

IJ = o(^' 4 From this and (13.3) it follows that the angle 
between the curves of parameters and xJ at a point, when 
neither is a curve of length zero at the point, is given by 

(13.6) COSOi/; — 


9iJ 

^ eiej 9ii 9 jj 


In § 3 we saw that for a covariant vector-field A* the equation 
(13.7) li dx^ ==-- 0 
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determines at each point an elemental F»-i, which may be taken 
as the geometrical interpretation of the vector. In terms of the 
associate contravariant vector this becomes 

(13.8) Qij V dx^ =-= 0, 

and consequently the vector A-' at a point is orthogonal to any 
direction in the Fn-i at the point, and thus is normal to the F„-i. 
Since either the normal or the Fn-i determines the other, we may 
look upon a vector of either type and its associate as defining 
the same geometrical configuration, and thus speak of A* and At as 
the contravariant and covariant components of the same vector-field. 
By means of (12.7) it is readily shown that from (13.2) we have 

(13.9) cos 8 = g'j An* A21; 

for the determination of the angle, when the covariant components 
of the vectors are given.* Likewise, the condition of orthogonality 
in this case is 

(13.10) g^^vihj == 0. 

From (13.5) it is seen that at any point P the components of 
two orthogonal vectors may be interpreted as the homogeneous 
coordinates in a projective space of n — 1 dimensions of two points 
harmonic with respect to the non-singular hyperquadric 

(13.11) ffiiy^y^ = 0y 

in which the .^’s are evaluated at the point. The problem of finding 
mutually orthogonal vectors at P is that of finding the vertices of 
polyhedra self-polar with respect to (13.11). Consider, for example, 
the case n ~ 4, that is, when (13.11) defines for Pa non-singular 
quadric surface Q. One vertex. Pi, of such a tetrahedion can be 
chosen arbitrarily in the space but not on Q; a second vertex, Pg, 
arbitrarily in the polar plane of Pi, but not on Q; a third, P^, 
arbitrarily on the intersection of the polar planes of Pi and P^, 
but not on Q. Then P4 is determined as the intersection of the 

It is understood that the vectors are unit vectors, unless one or both are 
null vectors. 
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polar planes of Pi, Pa and Ps. Since Pi, P* and Ps can be chosen 
thus in 00 00 * and oo ^ ways respectively, there are oo ® [= oo 

sets of 4 mutually orthogonal non-null vectors at a point in a F*. 

We call n mutually orthogonal non-null vector-fields in a Vn an 
orthogonal ennuple. The analytical process of finding them is 
analogous to the above, the dilference being that instead of choosing 
a point for Pi, we choose n arbitrary functions Ajj* not satisfying 

(13.11) and so on. 

Hence we have the theorem: 

Theo'e exist orthogonal ennnples in a Riemanman n-sparr. 

Also wo have: 

A given non-null vector-field forms part of orthogonal 

ennnples, 

A null vector corresponds to a point P on the hyperquadric (13.1 1) 
and any non-null vector orthogonal to it to a point in the tangent 
hyperplane to (13.11) at P. Since this hyperplane is of w — 1 
dimensions, we have the theorem: 

A null vector is orthogonal to n — 1 linearly independoMt non-null 
vectors hi terms of which it is linearly expressible. 

From geometric considerations it is seen that these n vectors 
cannot be chosen so as to be mutually orthogonal. 

In like manner we have also: 

Any vector orthogonal to a null vector is expressible linearly in 
terms of it and n — 2 non-null vectors orthogonal to it. 

If a nxdl vecto7' is orthogonal to n — 1 linearly independent vectors, 
if is a linear function of them. 

If are the components of the unit vectors of an orthogonal 

ennuple, where for ^ == 1, • • •, n indicates the vector and i for 
/ — 1, • • •, the component, we have 

(13.12) gtj lh\ ^h\ Ch, gy hf — 0 (A k). 
Any other unit vector-field of components it* is defined by 

(13.13) Cl cos All* -f- Ct cos a, Ag* + • • • + Cn cos an Xn\\ 
where in accordance with (13.2) cos = gij A* Xjc(, If we put 

(13.14) h[ = th h* (A, = 1, • • . , n). 
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where the fs are functions satisfying the conditions 

(13.15) + 0, ^ei 1^ 0 (A + k), 

the J's are components of an orthogonal ennuple. The determination 
of w* quantities t satisfying (13.15) is the problem of finding the 
self-polar polyhedra with respect to the hyperquadric '^ei (yO* = 0 , 

and consequently there are gets of solutions. 

14 . Differential parameters. The normals to a hyper- 
surface. If f and f/ are any functions of the the functions 
defined by 

(14.1) AJ = ,7V- ^ 

(14.2) ii(/, 5 p) ^ 


are invariants. They are called differential parameter's of the first 
order. In like manner the invariant defined by 


(14.3) 


Stf - 9^ f,>j = 



8*/ 

d d Qoi 


_8/ )ni 

0 a* \ij\ I 


is called a differential parameter of the second order. 

An equation of the form /(x\ • , cc’*) == 0 determines a Fn-i in 

y^; we call it a hypersurface. For any displacement in this hyper- 
surface we have 


11 
9 a;’ 


r dx* 


0 . 


9 f 

(consequently the quantities are the covariant components of 

the vector-field of normals to the Fn-i. From (14.1) and (12.9) 
it follows that 

A necessary and sufficient condition that the normals to a hyper- 
surface f{x^, • • • , a?”) = 0 form a null vect&r-field is that f he a solution 
of the differential equation, 

(14.4) A,f = 0. 


If fi and /a are any functions not satisfying (14.4), the angle B 
between the normals to two hypersurfaces /i == 0 and ^ = 0 at 
a common point, the angle between the bvpersurfaces, is given by 
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(14.5) 


cos 9 — 


VeieiAifi • J1/2 ' 


as follows from (13.3), (13.9), (14.1) and (14.2). If either one or 
both of the functions fuA is a solution of (14.4), we take 

(14.6) cosd = AiifuA) 


as the measure of the angle between the hypersurfaces. 
From the definitions of § 13 it follows that 


(14.7) 




is the condition that the hypersurfaces be orthogonal at each 

common point. Since 

(14.8) Ai{>f\xJ) - 


we have that a necessary and sufficient condition that the hyper- 
surfaces =- const., == const, at every point of space be 
orthogonal is that 

(14.9) q^-^ == 0. 

If /* (,/’*, • • • , is any real function, the differential equation 

(14.10) ii(/S/) -- 0 

admits n — \ independent solutions.’*^ If /*,•••, /" denote such 
solutions, and it we introduce new coordinates defined by a;'* = j' 
for i = 1, •••,??, then from the equations A\{x'^,x*'*) — 0 for 
^ = 2, • • •, expressed in terms of the fundamental form (fd dx' 
we have 

(14.11) 0 = 2, •••,«). 

Since we have assumed that the determinant g' of the above fonn 
is not zero, it follows from (6.4) that f 0 and hence from the 
identity q'^^ git ~ we have 

( 14 . 12 ) g[j -- 0 , q\,i 0 (; --- 2 ,.... 9 ?). 

* Gouraat, 1891, 1, p 29 
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Hence the fundamental form is 

(14.13) y = g'u.idx'-y o'ji dx'^ dx'^ (j, Ic = 2, • • •. n). 

The geometrical interpretation of these results is that the hyper- 
surfaces Z' == const, for j = 2j • ••, n are orthogonal to the hyper- 
surfaces “ const, and tlie former intersect in a congruence of 
curves orthogonal to the latter. 

15. iV-tuply orthogonal systems of hypersurfaces in a 
From (14.7) it follows that the condition that there exist in a T « 
n families of hypersurfaces ft — const. (/ == 1, • • •, ??) such that every 
two hypersurfaces f — const., f ~ const, for — 1, •••, n(?4.y) 
are orthogonal at every point is that the n(n — 1)/ 2 simultaneous 
differential equations 

(15.1) M,fj) = 0 

admit n solutions. E^ddently this is not possible for n > 3. when 
the fundamental form (12.3) is any whatever. When it is possible, 
we say that the Riemannian space admits an n-tnply orfhogonaf 
system of hyper surf aces. 

If this condition is satisfied and these hypersurfaces are taken 
for the coordinate hypersurfaccs a:* =- const., we have from (15.1) 

(15.2) 0 {i,j 

Since we have assumed that the determinant g of the form (12.3) 
is not zero, it follow^s from (6.4) that none of the components i'- 
equal to zero. 

Hence from the identities 

th j. 

we have 

(15.3) 0 (^7--l,...,7r, ?!/). 

Consequently the fundamental form is 

(15.4) y -- r/n(^f.r‘)‘ + V 

Conversely when the fundamental form is reducible to (15.4), we 
have (15.2) and consequently the parametric hypersurfaces form 
an n-tuply orthogonal system. 
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Since in this case 
(15.5) 

we have from (7.1), (15.2), (15.3) and (15.5), the following ex- 
pressions for the Christoffel symbols formed with respect to (15.4): 


(15.6) [y,fr| = 0, = = I 

iit Jt k 4 ) » 

) * 1 _ 0 i i = L.l3iL f ^ i ^ 1 9log.9.> 

(15 7)'*^ ’ 2gj}dxj’ U>( 2 da>> ’ 

1*1= 1 8logg « 

\ iif 2 dx^ 

From (8.9) we have in this case 

J^hyk 0 (/i» ijJj ^")7 


^hiik 


c — V gu ( 


^^Vga 


sVgu aiogKy w* 

do^ dx^ 


( 15 . 8 ) 





J^hiih — 


fHi 



J ?_ / I _ ^ ^ 9hh \ 


I V' 1 ^^9 ii 

m 9 X^ 



where indicates the sum for m~ 1, • • •, ri excluding m == h 

m 

and m = i. 

i6. Metric properties of a space F„ immersed in a F„,. 
Consider a space Vm referred to coordinates ^ and with the 
fundamental form 

(16.1) 5P = 

If we put 

(16.2) 2/« =/«(a;V..,a:~), 


* In this section Greek indices are supposed to take the values 1, • • m and 
Latin indices 1, • • •, n. 
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where the /’s are analytic functions of the x's such that the 
df^ 

matrix is of rank n, equations (16.2) define a space Vn 

immersed in If we write 


(16.3) 


dy“ dy^ __ 
da* dxJ ~ 


then from the definition of linear element for F„i, namely 
(16.4) ds^ = dy^ di/, 

we have for the linear element of Fn 


(16.5) 


ds^ — efjij dx^ d.vL 


Thus when a metric is defined for a space F^, the metric of a sub- 
space is in general determined (cf. Ex, 8, p. 48). This is an evident 
generalization of the case of a surface ==/* (u,t;) (for i == 1, 2, 3) 
in a euclidean space with the linear element (12.1); in this case (16.5) 
assumes the well-known form ds^ = Edii^ -^-^Fdu dv Odv^ in 
the notation of Gauss. 

The formula for analogous to (13.4) is 



Substituting in (16.6) and making use of (16.3), we obtain (13.4). 
Thus the invariant cos 6 of two directions at a point of Fn has 
the same value whether determined by the formula for Fn or for 
the enveloping space F^. Later (§ 55) it will be shown that when 
the fundamental form of a space is positive definite there exists 
a euclidean space Fni, where m<n(n + l)/2 in which Fn can be 
considered as immersed. Consequently angle as defined by (13.4) 
for Fn is equal to the angle in the euclidean sense as detemined in 
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the enveloping In fact, in the differential geometry of a surface 
in euclidean 3-space, the angle between two directions on a surface 
is determined in the euclidean space and its expression in terms 
of the metric of the surface is derived therefrom ; this gives a form 
of which (13.4) is an immediate generalization.* 

If A* are the components of any contravariant vector-field in Vn 
along any curve of the congruence of curves for which these are 

d jc^ 

the tangent vectors, we have From (16.7) we have for 

this curve in 

dy^ dif djc^ dif 
df dt ~ 

Hence the components in the ?/’s of this vector-field are given by 
(16.8) 

0 

Conversely, if we have any vector-field in V,a, for those vectors 
ut the field in In, that is, tangential to In, the components A* in 
the Fs are obtained by taking any n of equations (16.8), replacing 
the 2/’s by the expressions (16.2) and solving for the ^’s. 

From (16.8) and (16.3) we have 

(le.'.t) 

and from (13.3) for tAvo non-null vector-fields 

|/ ^l| 

___ Oil _ 

(^1 9ij I*') (e2^v ^2 * ^2 ’^) 

From (16.7) it follows that for a = 1, • • •, w? and a given i 
are the components in the of the tangents to the curves of 
^ Cf. Eisenhart, 1909, 1, p. 78. 


cos = 

(16.10) 
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I d 

parameter in 7n. Since the matrix 1 is of rank n by 

I 0 00 

hypothesis, there are n such independent vector-fields in Vn in terms 
of whose components the components of any vector-field in Vn are 
linearly expressible. From this it follows that any m functions 
satisfying the n equations 

( 16 . 11 ) = 

are the components in the y'% of a vector-field at points of Vn, 
such that the vector at a point of Vn is orthogonal to every vector 
in Vn at the point. Accordingly we say that a vector of com- 
ponents satisfying (16.11) is normal to 7 m. If (16.11) is written 
in the form 

(16.12) i? = O’ 

we see that there are m — n linearly independent vector-fields 
normal to 7 m. 

Exercises. 

1. Show that a real coordinate system can be found for which ^ = 1 or — 1. 
In this coordinate system the divergence of a vector A* (Ex. 8, p. 32) is the ordinary 
divergence. 

2 . For a referred to an orthogonal system of parametric curves 

K 9 „ = 5 ,. 

= 5 ” R., 

and consequently 

3. When the fundamental form of a 7^ is positive definite and 6 is the angle 
between the vectors and then 



4 . Show that 
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5. For a referred to a triply orthogonal system of surfaces 






^,1 — 


(i,j, k ^ ) 

(»,J. 4 ), 


k = 2’-- ’ 

9u 9,, 


6. Show that for a T ^ a teusor satisfying the conditions (8.10) and (8.11) 
has six independent components and that these can be written in the form 

= 9(, a, - '/„ « , + , 9 ,. 

where a,, is a symmetric tensor. Show also that 


4 ■ 


Hence if = 0, then = 0 

7. The functions defined by (16.3) are invariants for at points of 
and are invariants for V^. 

8. When the equations 

9 fj^ 9 

-fxf “ ® («-/» = 1> • »«. *, J 1. • «) 

admit solutions (16.2), for the thus defined there is not a metric induced by 
the metric of V^. Show that in general such a exists, if m > n (« + 1)/2 

17 . Geodesics. Let C be a real curve defined by x* 
t being any real parameter, and denote by A and B the points 
of C with the respective parametric values f© and . The equations 

~X^ = + 

where b is an infinitesimal and o)' are functions of the x's such that 

(17.1) = 0 for / to, fj, 

define a curve C nearby C and passing through A and B. 
Consider the integral 


(17.2) 


^ ^ Sc. ■■■’ 
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doc?' 

where i* == and ^ is an analytic function of the 2n arguments. 

If 1 is the corresponding integral for C, we have, on expanding sp 
in Taylor’s series, 

3 o)^ 

where w* = — x^' and the unwritten terms are of the second and 
dx-f 

higher orders in If we write 

(17.3) «=*rf-B 




integrate the second term of the integrand by parts and make 
use of (17.1), we have 


(17.4) 


dj = 




di. 


The integral I is said to be stationary and C the corresponding 
extremal j if this first variation di is zero for every set of functions «* 
satisfying the conditions (17.1). From (17.4) it follows that a 
necessary Jind sufficient condition is that 


(17.5) 


tl l^(f’ \ 

'di\dxV dx^ 


which are known as Euler’s equations of condition.* 

We apply this general result to the integral (12.11) for a portion 
of a curve C for which e is either one or minus one throughout 
the domain. In this case 

_ effij y egij y dx^ 

eqi^ ’3 a;* 2 ds 

dt dt 


Substituting in (17,5), we obtain 


gifxj- 






2 d3f 




dh 

dt* 

ds 

dt 


* a. Bolza, 1904, 3, p. 123; also Bliss, 1926, 2, p. 130. 


4 
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II. Introdnction of a metric 


If we make use of the Christoffel symbols formed with respect 
to (12.3), this equation becomes 


(17.6) 


d^s 

.. dxj da^ dx^ dt^ 

"IT dt ds 


dt 


-= 0. 


Multiplying by and summing for we obtain 


(17.7) 


^ 4- i ^ I 
df^yjk^ dt dt 


d^s 
dxf’ dt^ 
dt ds 
(It 


If in place of a general parameter t we use the arc s of the 
curve, equations (17.7) become 


(17.8) 


4 . 1 ^ ^ 

ds“ ds ds 


Thus the extremals of the integral (12.11) in which the param- 
eter t is the arc 5 are integral curves of n ordinary differential 
equations (17.8). 

These integrals satisfy the condition that along any curve 
dx^ dxj . 

(17.9) = eonst., 


because of (12.12). We shall show that any integral curve of (17.8) 
possesses this property. In fact, since the left-hand member of 
this equation is an invariant, its derivatives with respect to s along 
a curve can be obtained by taking its covariant derivative with 

d 

respect to x^, multiplying by and summing for Hence the 

condition that (17.9) shall hold along a curve, when s is a para- 
meter, not necessarily the arc, is 


(17.10) gij 


dxj dx^^ 
ds ds 


/dx^\ dxJ Id^x^ . fij dxf^ dx^\ 

r ds l,k~ ds \d? \kl\ ds ds J 


= 0 . 
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It is seen that this condition is satisfied by any integral curve 
of (17.8), which equations may also be written in the form 


(17.11) 


ds \ ds I 


= 0. 


In view of this result we have that if the constant in (17.9) is 
positive, negative or zero at a point of an integi^al curve of (17.8), 
it is the same all along the curve; that is, if the tangent vector 
at one point is non-null or null, the tangents all along the curve 
are of the same kind. From (17.7) it is seen that the form of (17.8) 
is not changed if s is replaced by as+h^ where a and h are 
arbitrary constants. Hence, if the curve is not of length zero, 
s can be chosen so that (17.9) becomes (12.12), that is, s is the 
arc. On the other hand, if the constant in (17.9) is zero, the 
above mentioned generality of s obtains. Any integral curve of 
equations (17.8) is called a geodesk. When in particular it is a curve 
of length zero, we will call it a minimal geodesie, and we will 
understand that when s is used as a parameter of a minimal geodesic 
it is such that the differential equations of the geodesic assume 
the form (17.8). 

Consider for example the V 4 of special relativity with the 
fundamental form y = + (^^^®)* — (dx^y. Any curve 

of length zero in this space may be defined by equations of the form 


J i? cos e cos y ds, ^ R cos e sin y ds, 


sin 0 ds. 


Jr ds. 


where R, 6 and y are functions of s. Only in case R, 0 and y 
are constants are these integral curves of (17.8), which are in this 
d^ x^ 

case = 0. Hence in general a curve of length zero is not 
a geodesic. 

We return to the consideration of (17.8) in w^hich s is the arc 
of the geodesic when the latter is not minimal, and is the particular 
parameter referred to above when the geodesic is minimal. We 
observe that any integral curve of (17.8) is determined by a point 
Pq{xI, x^) and a direction at Thus if we put 


4 * 
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(17.12) 



where a subscript 0 indicates the value at Pa, we have 


4 + s + 




0 


The coefficients of s* and higher powers in s are given by (17.8) 
and the equations resulting from (17.8) by differentiation with 
respect to s and replacing the second and higher derivatives of a"' 
by means of (17.8) and the resulting equations. Thus we have 


(17.13) 


. i dxi 

ds* ds ds ds 

d^af I _t dx^ da^ da^ dar”* 


where 


(17.14) 






and in general 


rjkl-^'mn 

(17.15) 


1 ^ISTi 


( 

-^4 


* Jkl - . m 

9 Pjkl‘ • .m 
9 a:" 


— r'l 


{N- 


\jn\ 


■n 


“*1 

lynij’ 



where P before an expression indicates the sum of terms obtained 
by permuting the subscripts cyclically and N denotes the number 
of subscripts.* Hence we have 

(17.16) + . 

The domain of convergence of these series depends evidently upon 
the expressions for and the values of However for sufficiently 
small values of s they define an integral curve of (17.8). 

Of. Vehlen and Thomas f 1923, 4, p. 561. 
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1 8. Riemannian, normal and geodesic codrdinates. In 

this section we introduce certain types of coordinates which have 
important applications. Returning to (17.16) as the equations of 
a particular geodesic passing through a point Po(^cb) and determined 
by the direction (17.12), we put 

(18.1) 

and substitute it in (17.16), with the result 

(1 8.2) y = 1 2,“ {rlny\ . 

Since equations (18.2) do not involve the Ts, they hold for all 
geodesics through Fq and therefore constitute the equations of 

9 

a transformation of coordinates. Since the Jacobian - — r of these 

equations is different from zero at Pq, the series (18.2) can be 
inverted and we have 

(18.3) (/* = — xj) + (x‘— • • • , X”) (i — n), 

where P* are series in the second and higher powers of — xl 

U 1, • • •, w). 

For a given set of values of the constants in (18.1), these 
equations define a curve. When in (18.2) is replaced by we 
have (17.16). Consequently (18.1) are the equations of the geodesics 
in the new system of coordinates. These coordinates were first 
introduced by Riemann* and are called Riemannian coordinates. 
In these coordinates the equations of the geodesics through Po are 
of the same form as the equations for straight lines through the 
origin in euclidean geometry. 

From the form of equations (18.1) it is seen that these coordinates 
are valid only for a domain about P© such that no two geodesics 
through Po meet again in the domain, and from (18.3) it follows 
that this domain is that for which the series (18.2) may be inverted 
into (18.3). 

If we write the fundamental form in the y’s thus 

(18.4) 9 = ff^dy*dyj, 


1854, 1, p. 261. 
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and indicate by | and [^y, A:] the Chris toff el symbols formed 
with respect to (18.4), the equations of the geodesics are 


(18.5) 


4. / * I ^ A 

rfs* \jlc\ dK ds 


Since the expression (18.1) must satisfy these equations, we have 


08.6) 

and on multiplication by 5* 

( 18 . 7 ) 

which eqjjations hold throughout the domain. Conversely, if these 
conditions are satisfied, equations (18.5) are satisfied by (18.1) and 
the ijs are Riemannian coordinates. 

By applying to (18.5) considerations similar to those applied to 

(17.8) we obtain similarly to (17.16) 


.J I ' l i'/s 

2 l«)8|o ^ 


Since this must reduce to (18.1) for arbitrary values of i*' it follows 
that 


(18.8) 


la/^fo 


0. 


Since the functions r defined by equations analogous to (17.14) 
and (17.15) are symmetric, we have also 


(18.9) 0, - 0. 

From (7.3) and (7.4) it follows that equations ( 1 8.8) are equivalent t o 



(18.10) 


0 


0 


(/, y. A* 1, * • n). 
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Hence: 

At the origin of Riemannian coordinates the first derivatives of 
the components of the fundamental tensor in these coordinates are zei'o. 

It follows also from (18.8) and the general formula for co variant 
differentiation that at the origin of Riemannian coordinates first 
CO variant derivatives reduce to ordinary derivatives. Evidently 
(18.10) is a special case of this result, since — 0. 

If another general system of coordinates x'^ are used, we have 
a set of equations (17.16) in the primed quantities from which we 
obtain another set of Riemannian coordinates g'^ by equations 
analogous to (18.3), and the equations of the geodesics in this 
coordinate system are 



Since 


(IH.llj 



where the a’s are constants, we have: 

When the coordinates x^ of a space are subjected to an arbitrary 
analytic transformation, the Riemannian coordinates determined by 
the x^s and a point undergo a linear tra^isformatwn with constant 
coefficients. 

dx'* 

Since the a’s in (18.11) are the values of r at the point, it 

0 

is evident that conversely when a linear transformation of the 
Riemannian coordinates is given, corresponding analytic trans- 
formations of the a’s exist but are not uniquely defined. 

At the point Pq the coefficients 'gtj in (18.4) are constants. 
From § 9 it follows that real linear transformations of the y> 
with constant coefficients can be found for which (18.4) reduces 
to a form at Pq involving only squares of the differentials and 
the signs of these terms depend upon the signature of the differ- 
ential form. These particular Riemannian coordinates have been 
called normal coordinates by Birkhoff,* 

The transformation defined by (18.2) belongs to tlie class of 
transformation of the type 


=* 1923, 2, p. 124. 
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(18.12) a:* = a j + x" + y e% x"^ x'^ + jr ■ 

where the c’s are symmetric in the subscripts. From (18.12) we 
have at Po of coordinates xo and x'* = 0 in the respective systems 



Hence if indicates the Christoff el symbols in the a;''s, we 


\j1c 

have from (7.14) 


Therefore a necessary and sufficient condition that 
that == — . Accordingly the equations 



is 


X = a‘() x'^ 

(18.13) 


— J_ i ^ 

2 \afiio 


x'^ -f- c„^y a:'“ x'^ x'y -I 


+ „ a?'”' • • • 0?' 4* • • • > 


where the c’s are arbitrary constants symmetric in the subscripts,* 
define a transformation of coordinates such that 


(18.14) 



= 0. 


The ic’s so defined are called geodesic coordinates. Hence: 

At the origin of a geodesic coordinate system first covariant 
derivatives are ordinary derivatives. 

The equations in geodesic coordinates of the geodesic through 


the origin determined by 



0 


are 


(18.15) ir ^ ^ 


* This assumption is no restriction as to generality. 
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Comparing these expressions with (18.1) we see that Eiemannian 
coordinates are the geodesic coordinates for which the rs vanish 
for = 0. 

ig. Geodesic form of the linear element. Finite equations 
of geodesics. If f{x^ , is any real function such that 

normals to the hypersurface /— 0 are not null 
vectors (§ 14), and consequently the geodesics determined at each 
point of / “ 0 by the direction of the normal are not curves of 
length zero. If we change coordinates taking this hypersurface 
for — 0, and the geodesics for the curves of parameter x^, 
and take for the coordinate x^ the length of arc of these geodesics 
measured from — 0, from (1 2.5) it follows that in this coordinate 
system 

(19.1) gn = Cl, 

where Ci is plus or minus one. From the equations of the geodesics 
which result from (17.6) when we take t ^ s ~ we have 


Since by hypothesis gu = 0 for ~ 0, it folloAvs that gu = 0 
identically. Hence the linear element is 

(19.2) ds^ c (ei dxi f g^^ dj^ dx^) = 2, • • •, n) . 

We call this the geodesic foi m of the linear clement. As a result 
we have the theorem: 

If f is any real fund ton of the x s such that Aif ^ 0 and geodesics 
he drawn normal to the hyper surf ace f = 0 and on each geodesic 
the same length he laid off from f = 0 the locus of the end points 
is a hyper surface orthogonal to the geodesics* 

These hypersurfaces are said to be geodcsically parallel to the 
hypersurface / = 0. 

Incidentally we have the theorem: 

* This is the generalization of a theorem of Gauss for surfaces m euclidean 
S-space, of. 1909, 1, p. 206. Also, we remark that the first assumption of the 
theorem is satisfied, if (12.3) is definite. 
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A necessary and sufficient condition that the curves of parameter 
he geodesic and the coordinate he the arc is that gn he constant 
g^ for i = 2, • • • , w he independent of x\ 

For the quadratic form (19.2) we have 

(19.3) Aix^-=ei. 

Conversely, if f is any solution of the differential equation 

(19.4) ii/ = ^1, 


where e^ is plus or minus one, the surfaces / = const, are orthogonal 
to a congruence of geodesics, and the length of any geodesic between 
two hypersurfaces / = o, and / = Cs is — l\. In fact, if we 
give /the significance of/^ in (14.10) and proceed as in § 14, we 
get the fundamental form (14.13). With respect to this form 

equation (19.4) reduces to g'^^ = Ci. Since = -4-, the form (14.13) 

.^11 

reduces to (19.2), 

A complete solution of either of the equations (19.4), that is, for 
Cl — 1 or — 1, is a function / involving n — 1 arbitrary constants 
ai, • • *, Un-i in addition to an additive constant c* The co variant 
components of the normals to the corresponding hypersurfaces 


(19.5) /(x^ • • • , ai, • • • , Un-i) = c 


o f 

are ®^ch hypersurface being determined by a value of c. 

Consider now any point P and a non-null vector at the point whose 
covariant components are A*. According as g^ At Ij is positive or 
negative, we take the solution of (19.4) for ei = 1 or — 1. Then 
the n equations 



determine the a's and the factor q, and equation (19.5) the value 
of c so that one of the hypersurfaces (19,5) shall have the given 
direction A, for its normal at P. 


Ooursai, 1891, 1, p. 94. 



Exercises 


59 


If we imagine the expression (19.5) substituted in (19.4) and 
differentiate with respect to a,*, we obtain 



Consequently the hypersurfaces 
(19.6) 4^ - 6.. 

o at 

where the 6’s are constants, are orthogonal to the hypersurfaces (19.5) 
and meet in the geodesics orthogonal to the latter hypersurfaces. 
Since we have shown that one of the hypersurfaces (19.5) can be 
chosen so that a given direction at a point is normal to it, we 
have the theorem* 

When a complete solution (19.5) o/(19.4) is known, equatlom 
for arhiirary values of the Vs are the equations of the non-minimal 
geodesies, and the arc of the geodesics is given hy the value of f'^' 

Exercises. 

1. If the coordinates at points of a geodesic are expressed in terms of s [cf. (17.8)] 
and <f is any function of the t ’ s , then 

d’" </ __ dx^ I dy*> 

••• 

Levy, 1925, 1. 

2. If tor everj point in space and for a special coordinate system associated 
with each point a tensor equation is satisfied, the tensor equation holds throughout 
the space for any coordinate system. 

3. Show that at the origin of a system of geodesic coordinates defined by (18.13) 
any component of a tensor in the x’s is equal to the component with the same 
indices in the x'’s; in particular this applies to the fundamental tensor. 

4. If X* are geodesic coordinates with a point P for origin, and they are sub- 
jected to the transformation 

, M I 1 » fd fV 

■^' = ^ +-6 ^ ’ 

where the c’s are cons,tants symmetric in «, /3 and y, the x''s are geodesic with 1* 
for origin and at V 

*This is the generalization of a theorem in the theory of surfaces. Of. 1909, 1. 
p. 217; also Bianchi, 1902, 1, p. 338. 
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5. If in the transformations of Ex. 4 

then at P in the a?'’s 

dx^y i«/»( U/i dx’? iy«( 

There are n^(2w’ — 6n+7)/B of these equations. Show also that for a the 
second derivatives of g\j at P are uniquely determined by these equations and (8.3) 
as linear functions of . Eddington^ 11)23, 1, p. 79. 

6. Show, with the aid of Exs. 3 and 5, that for a the components of any 

tensor involving only and their first and second derivatives are functions 
of and Eddington f 3923, 1, p. 79. 

7. Show that for a the only covariant symmetric tensor of the second order, 
whose components are linear in the second derivatives of g^^ and involve also g^^ 
and their first derivatives, are of the form 

(aP4- i'), 

where a and h are invariants. 

8. For the generalized Liouville form of the fundamental form, namely 

where is a function of P alone, a complete integral of 0 = 1 is 

0 = C + J* 2 lAr(^.+^ djc', 

where c and tlie as are constants, the latter being subject to the condition 
«, H H = 0. Bianchi, 1902, 1, p. 338. 


20 . Curvature of a curve. Given any non>minimal curve in a 
which is not a geodesic and let the coordinates be expressed in 
terms of its arc. If we write 


( 20 . 1 ) 


d} , j i I dxj dJ^ 

ds^ f ds ds 


it is evident from the form (17.11) of the left-hand member of this 
equation that are the contravariant components of a vector. 
Moreover, in consequence of (17.10) we have 




dx^ 


- 0 , 


( 20 . 2 ) 


ds 



20. Curvature of a curve 0)^ 

that is, the vector is orthogonal to the curve at each point. 
An invariant q is defined by the‘ equation 


(20.3) 




At the origin of Riemannian coordinates equations (20.1) are 


(20.4) 


ds^ 


- fi\ 


Thus 1/^ is the generalization of the first curvatoe in euclidean 
3-space and /i^q of the direction-cosines of the principal normal 
of the curve. Accordingly we call q, defined by (20.3), the radius 
of first curvature of the curve and the vector of components the 
principal normal. We have at once: , 

When the first curvature of a curve is zero at all its points, either 
it is a geodesic and its principal normal is indeteryninate or it is 
a curve for which the principal normal is a null vector."^ 

By means of (20.4) the equations of the curve are expressible 
in the form 

(20.5) = + 

The equations of the geodesic through the origin which has the 
same direction as the given curve at the point are 



Hence the distance d between points of the curve and the geodesic 
for the same value of s, to within terms of the third and higher 
order, is given by 

(20.6) d = Y l.( 7 </(a;*— *‘) (a^— F)| — ^ V\gi} fi' ti^\ — y ’ 
as in the case of enclidean 3-space.t 


* When the fundamental form is definite, the second possibility does not arise, 
t Cf. 1909, 1, p. 18. 
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In consequence of the remark following (17.11) it follows that 
when a curve is minimal but not a geodesic, the preceding develop- 
ments apply with the understanding that s in (20.6) is the para- 
meter in terms of which the equations of the minimal geodesics 
tangent to the curve are expressible in the form (17.8). 

We have from (20.6): 

A necessary and sufficient condition that a curve and its tangent 
geodesic at a point have contact of the, second or hgher orde7' is 
that the curvature he zero. 

in terms of Riemannian coordinates with a given point as origin, 
the surface consisting of the geodesics through the origin in the 
pencil of directions determined by the tangent and the principal 
noimal of a curve at the origin is given by the equations 

where a and h are parameters. If we take a — 1, h — —f?, we 

it 

have from (20.5) that the geodesic so determiiied coincides with 
the curve to within terms ot the third and higher orders. Hence: 

The s^irface formed hy the geodesics through n point of a curve 
in the pencil of directions deterynined hy the tangent and principal 
normal to the curve at the point osculates the curve. 

We call this surface the osculating geodesic surface of the curve. 
It is an evident generalization of the osculating plane of a curve 
in euclidean 3-space. 

If in the right-hand members of equations (20.1) the functions fi* 
are arbitrary, we have a system of differential equations admitting 
a solution for each point determined by a direction at the point, 
as in the case of equations (17.8). 

21. Parallelism. In this section we define parallelism of vectors. 
As the basis of this definition we take a property of parallelism 
in the euclidean plane, namely that all vectors parallel to one 
another make the same angle with a straight line, that is, with 
a geodesic. 

Consider now any and in it a non-minimal geodesic C at 
points of which the coordinates ^c*(^= 1, 2) are expressed in terms 
of the arc s, and let A* be the components of unit vectors at points 
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of C and not tangent to C. The cosine of the angle between the 

vector at a point and the tangent to C at the point is gij 
The condition that this angle be constant along 0 is 



which reduces in consequence of (17.11) to 


dx-^ dod^ 


=-- 0. 


Since are the components of a unit vector, we have A,- A* = e, 
from which it follows that 


ga X\k 


dx^ 

ds 


= 0. 


i A' A* 

By hypothesis g = l^v l 4 ^ | dx' dx^ 

I ds ds 

from the preceding equations we have 


+ 0. 


Consequently 


( 21 . 1 ) 






j ? \\ dod^ 
\kl^) ds 


= 0 . 


For the euclidean plane, and indeed for a euclidean space of 
any order, referred to cartesian coordinates the condition that a 
vector-field be a parallel field is that A* be constants. In this 
case the expression in parenthesis in (21.1) vanishes, since the 
Christoffel symbols are zero ; consequently in any coordinate system 
the condition for parallelism is 

( 21 . 2 ) = + 

From (11.17) we have 

A*j& — A*,*y* = — 

and consequently the condition of integrability of (21.2) is 
(21.3) = 0. 
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When the fundamental form of a space is such that a coordinate 
system can be chosen in terms of which the coefficients gy are 
constant and only then, the components W'ljk of the Kiemann tensor 
vanish (§ 10). In this case equations (21.3) are satisfied identicall}^ 
and consequently equations (21.2) are completely integrable; that 
is, a solution of (21.2) is determined by arbitrary initial values 
of the A’s. In this case we have a field of vectors parallel to 
an arbitrary vector. If equations (21.2) and (21.3) are consistent, 
we will have one or more fields of parallel vectors; this question 
will be considered in § 23. However, in a space with a general 
fundamental form this is not possible. Consequently we introduce 
the idea of vectors parallel at points of a curve, and take (21.1) 
as the definition of parallelism along any curve, not necessarily n 
geodesic, with respect to the metric of ihe space, ivhatever be the 
order of the space. Thus if we take a curve C defined analytically 
by the x's as functions of s, equations (21.1) admit a solution 
determined by an arbitrary direction at an initial point of the 
curve. Not only the cuiwe but also the metric of the space are 
involved in these equations, and consequently we speak of such 
a solution as defining a set of vectors parallel along the curve 
with respect to the metric of the space, or for brevity with respect 
to Ftt. This is the parallelism of Levi-Civita,* who first proposed 
this definition, but from another point of view (cf. § 24). 

As a first consequence of this definition, we have that, if in (21.1) 
dcc^ 

we put A* = we get the equation (1 7.8) of the geodesics. Hence : 

Geodesics are characterized by the property that the tangents are 
parallel with respect to the curve. 

This is an evident generalization of the property of constancy 
of direction of a straight line in euclidean space. 

Again if and are two sets of solutions of (21.1) we 
have that gtj^i\^l 2 \^ is constant along the curve. Hence: 

At every point of a curve the two directions parallel with respect 
to the curve to two directions at a given point P of the curve make 
a constant angle. 

In particular, when the curve is a geodesic and its tangents are 


*1917, 1; cf. also, Severi, 1917, 2, p. 230. 
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one set of directions we have the property in a F* which served 
as the basis for the definition of parallelism.* 

Equations (21.1) are equivalent to 


(21.4) 




0 , 


since by hypothesis the determinant g of the is different from 
zero, and consequently the covariant components satisfy 

(21.5) = 0. 


22 . Parallel displacement and the Riemann tensor. For 

a general parameter t equation (21.1) becomes 


( 22 . 1 ) 


df \hirdt 


0 . 


Instead of speaking of the solution detemined by an initial direction 
as a set of parallel vectors, we may speak of the vectors arising 
from a given vector by parallel displacement along a curve. La 
particular, it is interesting to consider the effect of parallel dis- 
placement of a vector about a small closed circuit,! 

Take a surface defined by =/*(w, r), where the functions/* 
and their derivatives up to the third exist and are continuous at P, 
and consider the circuit consisting of P(ie, v), Q(u4*4w?v)> 
v-\-Av), S{u, v-\-Av) and P. If a vector A* be trans- 
ported parallel to itself about this circuit, we have 

(«a = (i')p+ + I 

* Levi-Civita, 1917, 1, p. 184. 

fThis question was considered by Schouten^ 1918, 1, p. 64 and by PMs, 
1919, 1 ; it was considered for the general case of an affine connection by Weyl^ 
1921, 1, p. 106; see also Dienes^ 1922, 2, and Synge, 1923, 3; the method foUowed 
in the text is similar to that of Synge. 


5 
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(4u)®H , 

(4v)*+ • • 


where the terms not written are of the third and higher orders, 
and the quantities such as ^ven by (22.1) 


and the equations resulting from the differentiation of this equation. 
I£ all of the above equations be added, we have 


I <-)■[©), 


T\ 


+ 9 (4e) 


1 . 

[Ur“/Q'^Ur*/sJ 


If we assume that the x^s are geodesic with P as origin, so that 
i z \ 

1 ‘fel ~ (22.1), in whicJH the (’hristoftel symbols 

are evaluated by means of their expansions about P, 

ldk^\ ^ idk^\ Id ( ? I dx^ d.r^ A . . 


\du)p ’ \dv 

(— ) 

\ du/R 


l_d h 


d ) i 1 dx^ dxJ 
9x™ \ilA du du ^ 


jk' du do 

dxJ .,\ . 

-- / ^U 




/ 9 J i I dxJ .A ^ . 

\dx^\jk\ dv du ' 

/ d I t \ dx”^ dxJ ,A ^ . 

\dx”^ ^jkf dll du /p ' ' 


\du Ip \du^ I r \dx*^ yjk) du du Ip ' 

/dun , i dn* \ ^ _ j_d_ j i 1 dxj_ A 

\dv*lg \ <it>* /5 \dx'^\jk\ dv dv /p”^ " ' 

When these expressions are substituted in (22.2), we obtain 


l’‘] +.... 


An{\ _ f/ S i * I 8 i * l\ 9a:"* ,i.l 

' dxJ \mki) du dv ^Jj 


AuAv + • • 
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Since the left-hand member is a coiitravariant vector in Vn, and 

— , -- — , are the components of contravariant vectors, it 
OU ov 

follows that in a general coordinate system this equation is 

(22.3) 4(A*)p = ^ ^ AuAv^-- ■ 

\ on ov Jp 

From the considerations of § 21 it follows that 4 U0 p=O when 
J^kmj “ 0. Wlien this condition is not satisfied, it follows from (22.3) 
that when a general vector is displaced around an infinitesimal circuit 
the difference between its final and original direction is of the second 
order and depends upon the value of the components E^kmj at 
the starting point and upon the circuit. An exception to this case 
is treated in the next section. 

23. Fields of parallel vectors. From (21.1) it follows that 

when a set of functions satisfy the equations 

any two vectors of the vector-field are parallel with respect to 
any curve joining points of these vectors. The conditions of 
integrability of these equations are (21.3), that is 

(23.2) X^l^uk =- 0. 

Unless Jthjk ^ 0, which is assumed not to be the case, the com- 
ponents of such vector-fields must satisfy (23.2) as well as (23.1). 
Differentiating (23.2) covariantly with respect to and expressing 
the condition that (23.1) is satisfied, we get 

(23.3) X^Bhjk,m, ^ 0. 

Continuing this process, we get a sequence of necessaiy conditions 

X^ 2^ljk,m^m^ = 0 , 

( 23 . 4 ) ; ! ; ; ; 


6 * 
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If the equations (23.2), (23.3), (23.4) are algebraically inconsistent, 
there is no field of parallel vectors. To be consistent it is necessary 
that equations (23.2) and the first q(>0) sets of equations (23.3) 
and (23.4) admit a complete set of linearly independent solutions 
for 5 1, i — 1, • • •. w, in terms of which all other 
solutions are linearly expressible, such that these p sets of solutions 
satisfy also the (g+ l)th set of equations (23.4). Thus any solution 
is given by 

(23.5) + . . . + Api S 

where the y’s are functions of the x% which we seek to deter- 
mine so that X* is a set of solutions of (23.1). 

In the first place we remark that if Xtri* is any one of the p 
sets of complete solutions and we substitute it in (23.2) and the 
first q sets of (23.3) and (23.4), and differentiate these equations 
CO variant, then since satisfies the (g-f l)th set also it follows 
that Xci^,fn is a solution of (23.2) and the first g sets of (23.3) and 
(23.4). Consequently it is expressible in the form 


(23.6) All* + • • • + U 

where the,»' covariant vectors f — 1, m — 1, ... «) 

are to be determined; here a and o indicate the vector and m the 
component. They are determined by the condition that (§ 11) 

ml S^jml — 0, 

in consequence of (23.2). Substituting from (23.6) in this equation 
and making use of (23.6) in the reduction, we obtain 


V * — (“j ^ = 1, • 


Since the rank of the matrix || || is p, these equations are equi- 

valent to the system 



•In this equation « and A are summed from 1 to p; the same is true of a 
repeated index of this sort in the following equations. 
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When now we require that as given by (23.5) shall: satisfy 
(23.1) we obtain, in consequence of (23.6), 


(23.8) 



0. 


Because of (23.7) this system of equations is completely integrable, 
and consequently the solution involves p arbitrary constants. In 
view of the above results we have the theorem: 

If the system of equations (23.2), (23.3), (23.4) is algebraically 
consistent, there exists one or more fields of parallel vectors', more 
specifically, if (23.2) and the first q (^ 0) sets of (23.3) and (23.4) 
admit a complete system of solutions which also satisfy the {q-]r^)lh 
set of these eqiiations, there exist fields of parallel vectors depending 
on p arbitrary constants. 

Since equations (23.8) admit a solution determined by an arbi- 
trary set of initial values, we see that when the conditions of the 
theorem are satisfied, any vector at any point P in space in the 
p-fold bundle determined by the p vectors ).a\^ is parallel to a 
vector in the bundle at any other point.* 

We have just obtained the conditions for fields of parallel 
vectors in invariantive form. Now we shall show how such 
fields may be obtained by making a suitable choice of coordi- 
nates. Using the preceding notation and indicating by the 
components of p independent fields in coordinates x^, we have 


(23.9) 




dx^' 


Consider the system of p linear partial differential equations 


(23.10) Xa{B) - X, 


'o-r 


de 

dxJ 


= 0, (er= j= 1, • • •.«), 


where Xg(0) is an abbreviation. If X^Xgie) has the significance 

- V5F.(V0), 

“ This problem for a single field of parallel vectors was treated by Levi- 
Civita, 1917, 1, p. 194; cf. Eisenhart, 1922, 3, p. 209; also Vehlen and Thomas, 
1923, 4, pp. 589-591. 
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the operator 


(z„ x^)e ~ XM^)-XaXr(e) 


is called the Poisson operator^ A fundamental theorem of systems 
of linear partial differential equations is: A necessary and sufficient 
condition that a system (23.10) be completely integrable, that is, 
that it admit n — p independent solutions, is that (Z^, X^) be linearly 
expressible in terms of the Z's.* 

When now we apply this general theory to the case where * 
satisfy (23.1), we find that X^) 6 = 0 and consequently equations 
(23.10) admit n — p independent solutions. If we take them for 
the coordinates • • •, a:'”, it follows from (23.9) that — 0 
for t = p + 1, •••. n. Again if we omit one of the equations 
from (23.10), say Zr(d) ~ 0, the remaining system, is complete 
and admits in addition to •••, j?'" another independent 

solution x^^. In this way the x/'s are defined so that all of the 
components of the A’s are zero except those with the same subscript 
and superscript. If it is assumed that these vectors are unit 
vectors, we have accordingly in the new coordinate system 

{ 2 Z . U ) ^|'=0 J ff ). 

y ^agea 

If these expressions are substituted in (23.1), we get 




0 . 



-- 0 



•••’ p\ \ 
1, • ••, w; > + O-/ ’ 


i ^ I 


where is not summed for cr, but consists of a single term. 


If we multiply the first of these equations by gai and subtract 
from it the second multiplied by gji and summed for ,;, we get 
the equivalent set of equations 


a 


log V^gc^~[k<s, n -= 0, 


Goursaty 1891, 1, p. 52. 



that is, 
(23.12) 
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log gca 


daf 


^gci , ^guff _ 
dx^ doc^ 


For the case A: == cr, these equations reduce to 

In accordance with these equations we define p functions t//<r by 


gal 9 V^tr 


l/’ — dy^a 

y eagaa ~ y 

from which have 


(23.13) = (0=1,....;,; f=l.....w). 


From these expressions it follows that must involve cify 
otherwise the space is of less than n dimensions. 

Again if neither Ic nor I in (23.12) is cr, we have 


(23.14) gu = 


t 

9^ +9kla 


\ k ^ t!y I ^ C 


where ^kia is a function independent of 
From (23.13) and 23.14) it follows that for each value of or the 
fundamental form can be written 

f — ea (dyfay-\-grs daf (r, s = 1, • • • , n; r ^ s 4" «r), 

where gra are independent of x^. 

If then we put = y^a, x'^ = ^ ij ^ the curves of para- 
meter x*^ are the same as those of parameter a;" and these curves 
are geodesics (cf. § 19). Hence we have: 

When a In admits p independent fields of parallel xinit vectors, 
the vectors of each fieJd are the tangent vectors to a congruence 
of geodesics. 
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Conversely, if the fundamental form of a space is reducible to 
the form 

(23.15) (f = ei(dx^y + grs dx*" dor^ (r, 5 — 2, • • • , w), 

it is found from (23.12) that a necessary and sufficient condition 
that the tangents to the curves of parameter form a parallel 
field is that gra be independent of In this case all the spaces 
— const, have the same fundamental form and consequently any 
one of them can be brought into coincidence with any other by a 
translation, that is, by a motion in which each point describes the 
same distance along the geodesic normal to the sub -space. In 
the case I the space admits p independent translations; thus 
any one of the subspaces of each of the family of subspaces 
ipa == const, can be brought into coincidence with any other of the 
family by a translation. 

If, in particular, we take x”)foi o -1, ,p, 

it follows from (23.13) and (23.14) that for a Vn \\ith the funda- 
mental form 

f ^ Ci {dx^f-\- • • . + Cp {dxTPy~]rg,,^ d dJ (a, ^ -f 1 . . . . n), 

where ^a/j are arbitrary functions of ^ , x^^ the tangents 

to curves of parameters x^, x^, form fields ot parallel vectors, 
24. Associate directions. Parallelism in a sub-space. 
Let C be any non-minimal curve in a Yn at points of which the 
coordinates x^ are expressed in terras ot the arc,t and let A* be 
the components of a unit or null vector-field; in either case we have 

(24.1) X, X\u = 0. 

If we put 

(24.2) ^-£- 

it is seen from (21.1) that = 0, if the vectors at points of C 
are parallel with respect to the curve ; otherwise, as follows from 

* Of. Eisenhart, 1925, 3, for the complete solution of the problem, 
t If the curve is minimal, we take for s the parameter in terms of which 
the equations of the tangent geodesics are of the form (17.8); note the remark 
foUowing equation (17.11). 
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the form of the left-hand member of (24.2), the functions are 
the contravariant components of a vector, which Bianchi* has 
called the associate direction for the vector A* along the curve. 
From (24.1) and (24.2) we have 

(24.3) 

and consequently: 

If a set of vectors at points of a curve are not parallel with 
respect to the curve, there is determined at each point of the curve 
an associate direction and it is orthogonal to the given vector at 
the point. 

The invariant 1/r defined by 

(24.4) y = 


we call, with Bianchi, the associate curvature of the vector X* with 
respect to the curve. When, in particular, the vectors A* are 
tangent to the curve, equations (24.2) and (24.4) reduce to (20.1) 
and (20.3), and consequently the associate direction and curvature 
are the principal normal and first curvature of the curve. 

Consider the space Vn as immersed in a space Vm of coordinates 
the equations of Vn being (16.2).t Let 5® be the components in 
the y’s of the vector-field whose components in the x’s are that 
is [cf. (16.8)], 


(24.5) 




Differentiating these equations with respect to we have 


(24.6) 


dk^ dx^ 

ds ds dx^ dX'^daf^ ds 


If rf denote the components of the associate direction of in Fm 
(which is not necessarily the same as the associate direction of k} 
in Vn)f we have analogously to (24.2) 

* 1922. 4, p. 161. 

t Throughout the remainder of this section Greek indices take the values 
1 . • * m and Latin 1, • • •, unless stated otherwise. 
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where the ChristofEel symbols | are formed with respect to the 
fundamental tensor of Because of (24.5) and (24.6) this 
may be written 


(24.8) = 


a?/ , ^ I M I 9/ dyy\ ^ 

ds dx-^ ds \9.r^aw [ccyia dx* dx-*l 


If we denote by , A:]^ the Christoffel symbols ot the first kind formed 
with respect to (12.3), we have fiom (16.3) by direct calculation 


(24.9) 


-4- * ^ ^ 

^^dJ"\dx*d.iLJ ^\ay\adi^ dd'H* 


d f/^ 

When (24.8) is multiplied by and summed tor >S, the 

resulting equation is reducible bj means of (16.3) and (24.9) to 


(24.10) 


9/ , 




d^-> . 3 , d r‘ . 

Sjk . 7 . I'.y> /‘iff 


di> 


ds \9j'' ” l/)U' 


If the vectors are parallel with respect to the curve in r,„, 
then 0, and from (24.10) and (21.4) we have that the vector^ 
are parallel in F„. Heme* 

If a curve C lies in a Vn which is immersed in a Vm and rectois 
are paiaJlcl along C unfh respect to 1 ^, they aie parallel with 
respect to Vn^ 

As previously remarked (§ 16), if the fundamental form ot Vn is 
definite, it is possible to find a euclidean F^ enveloping it and tht» 
requirement that vectors in F,, be parallel witli resjiect to Vm leadsS 
to parallelism with respect to Fn. This was the point of departure 
for Levi-Civita’s definition of parallelism in any space. 


1917 , 1 . 
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As a consequence of the above theorem and the first theorem 
of § 21 we have: 

If a curve is a geodesic of a space^ it is a geodesic of any suh- 
space in which it lies. 

If vectors along a curve are parallel with respect to Vn but 
not with respect to Vm, we have from (24.10) 

(24.11) 

that is, the associate vector is normal to Vn, and conversely. Hence: 
^ A necessary and sufficient condition that vectors along a carve 
in Vn he parallel with respect to Vn, ivhen they are not parallel 
with respect to an enveloping space Vm, is that the vectors in Vm 
associate to these vectors he normal to Vn> 

v// When n geodesic in a space Vn is not a geodesic in an enveloping 
space Vm, its principal normals as a curve in V^ are normal to Fn.* 

Consider two spaces Vn and Vn immersed in a Vm such that at 
each point of a curve C every normal to one is normal to the 
other; in this case the spaces Vn and Vn are said to be tangent to 
one another along C. From the next to the last theorem we have; 

If two spaces Vn and Vn in a Vm are tangent along a curve C, 
vectors parallel to one another along C with respect to V’„ are parallel 
with respect to Vn and vice-versa. 

Two spaces Vn and Vq for q>n in a Vm are said to be tangent 
along a curve C, if every normal to Vn at each point of C is normal 
to Vq. Hence : 

^If in a Vm two spaces Vn and Vq for are tangent along 

a curve C, vectors parallel to one another along C with respect to Vn 
are pai'allel with respect to Vq. 

Two subspaces Vn and Vn immersed in a are said to be 
applicable, if there exists a transformation of the coordinates 
and a:'* of these spaces such that the fundamental forms are 
transformable into one another. Since the equations of parallelism 
involve only the components of the fundamental tensor and their 
first derivatives, we have: 

* This a generalization of a characteristic property of geodesics on a surface 
in euclidean space, 1909, 1, p. 204; cf. Bianchi, 1922, 4. 
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If two spaces Yn and Yi. in a Ym are applicable^ to vectors parallel 
along a civrve with respect to Yn there correspond vectors parcdlel 
along the cortesponding curve in Yi, 

As a simple example of several of these theorems, we consider 
a sphere in euclidean space and a circular cone tangent to the 
sphere along a small circle C. If we have a set of vectors parallel 
along C with respect to the sphere, they are parallel with respect 
to the cone, and when the cone is rolled out upon a plane the 
vectors are parallel in the euclidean sense. 

We consider the converse problem: Given a curve C and at 
each point of it a vector to find all sets of vectors such 
that the vectors are associate to i*. We denote by 
{a I ^ n — 1) the components of w — 1 unit vectors orthogonal 

to Then X*, if they exist, are given by 


(24.12) 


^ + f- /"-l 4-1 rr- 1^ 

(<r = 1, . n~l), 


in accordance with the first theorem of this section. Substituting 
in (24.2), we have 

(24.13) -f r,./,, 


where are the components of the associate vector of Xa\^. 
Multiplying (24.13) by X^^^ and summing for ?, we have 


(24.14) = 0, 
where 

(24.15) -- I. (ff, T — 1). 

We assume that the in (24.12) are chosen so that X‘ are the 
components of a unit vector, if it is not a null vector. Hence 
wc have 

(24.16) ff = eorO (x, <r - 1. . .. « -i). 

We consider finst the case when fi‘ is not a null vector, in 
which case the m — 1 vectors /i„|‘ can be chosen mutuallj' ortho- 
sronal (§ 13). Then 
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(24.17) = eg, ag^= 0 (ff + *), 

and equations (24.14) become 

dt^ 

(24.18) + 0, 


where Differentiating 0 (tf + r) with 

respect to s and applying (24.2), we have 6^,.+ &r<r == 0* Ini con- 
sequence of this relation any set of solutions of (24.18) satisfy 
the condition 2^ca{f^y ~ const.; consequently if (24.16) and (24.17) 

u 

are satisfied by the initial values, they are satisfied for all values 
of s. Hence equations (24.18) admit qo »~2 gg^g solutions 
satisfying (24.16), where are given by (24.17). Hence: 

Given a set of non-null vectors along a curve C, there eoeist 
sets of vectors along C with respect to which the given vectors are 
associate \ each set is determined hy choosing the components at 
a point of C.* 

When are the components of a null vector, we have 

(24.19) -= (o == 1, — 1), 

in accordance with the considerations at the close of § 13. More- 
over, we have 

(24.20) ?' + /Iti’ (<r, t = 1 , . . . , n— 1), 


where are the components of a vector linearly independent of 
the n — 1 vectors la\^. Since the n vectors and are all 
independent, equations (24.13) are equivalent to 

(24.21) — -=c"— c%f, 

ds ^ 

rr=. 0 . 

Differentiating (24.19) covariantly with respect to and multiplying 

dod^ 

by we have, in consequence of equations of the form (24.2), 
as 

'•'■*17 = + 


* Of. Bianctii, 1922, 4, p. 166, where this theorem is established for spaces 
with a definite fundamental form. 
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Multiplying by /u* and summing for i, we have, since 
(24.22) = 0. 

Differentiating the second of (24.21) and making use of the first 
and of (24.22), we obtain ^r) ~ Proceeding in like 

manner with this equation, we find 



From this process it is seen that the determination of vectors 
for which a given null vector is the associate depends upon the 
character of the latter, that is, whether sooner or later we obtain 
an equation by this process which is satisfied in consequence of 
its predecessors. 

We will not proceed fnrthei with this gen<‘ral case, but will 
establish the theorem: 

If a set of null vectors are parallel with respect to a curve f/, 
they are the associates with respect to this curve ofoc^~ ^ sets of vectors, 
(i of" 

In fact, if "" 0, any set of solutions of the equations 


satisfy the condition — const. Hence any set of solutions 
whose initial values are such that = 0 satisfy the conditions 
of the theorem. 


Exercises. 

d 

1. When in (20.1) m * — either the associate tensor is skew> 

. dx-* da** . - 

symmetric, or ^ = 0 is a first integral of (20.1). 

* The existence of solutions 1* of the above equations is the problem of the 

existence of solutions of a system of ordinary linear differential equations of 
the first order (cf. § 21). 
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2. Let Pj, Pj, P, be the vertices of a geodesic triangle in a and y, 

the interior angles of the triangle at these respective points; show that when the 
tangent vector at P, to the geodesic P^ P^ is transported parallel to itself around 
the triangle in the direction P^ P^ P^ , it makes the angle n — — with 

its original direction at P^ . Levi-Civita, 1925, 4, p. 224. 

3. A necessary and sufficient condition that the tangents to the curves - const, 
on a be parallel with respect to a curve C is that C be an integral curve of 


= o a = 1.2). 

Bianchi, 1922, 4, p. 167. 

4 . When the coordinates of a are chosen so that the fundamental form is 

fj {dx^y^-Y 2 + (dx^y, and only in this case, the tangents to the para> 
metric curves of either family are parallel with respect to the curves of the other 
family. Bianchi, 1922, 4, p. 170. 

5 . AVhen the fundamental form of the surface considered in § 22 is definite at 
the point P, equations (22.3) can be written 


(iJ’ /‘) 


AS 

kvij' 2| sind ^ 


where J J is the area enclosed by the circuit, 0 is the angle between the para- 
metric curves at P and and are the comi)onents in of the tangents to 
these curves at P. 

6. If /ij are the components of any vector field and = cos « , the change 
in rc at a point P when the vector a* is transported around a small circuit as 
in § 22 is given by (cf. Ex. 5) 


AS 


(A a)j, — (B’^ A‘)^ E, “ //, ^ „ • 


7. When in equations (23.13) and (23.14) for <7 = 1, 2 


Perh, 1919, 1, p. 427. 




where /, and are independent of x* and x- respectively, a is an arbitrary con- 
stant and and are arbitrary functions of x’\ • • • , x", the tangents to the 
curves of parameters x^ and x^ constitute fields of parallel vectors. 


25. Curvature of V„ at a point Let and be the 
components of two contravariant vector-fields. The vectors at 
a point P detennine a pencil of directions defined by 


( 25 . 1 ) 




where a and fi are parameters. The geodesics through P in this 
pencil of directions constitute a geodesic surface S. The Gaussian 
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curvature of 5 at P was taken by Riemann* to be the definition 
of the curvature o/F« atP for the given orientation, that is, the 
orientation determined by and 
We assume that the coordinates oi^ of Vn are Riemannian with P 
as origin (§ 18). Then the surface S is defined by 
% 

(25.2) 

where == cts and ?<* = fis for any geodesic through P, and 
and ^ 2 i* are constants. t 

In terms of m" and m* the fundamental form of 8 is 


(25.3) 

where (cf, § 16) 

(25.4) 

From a formula analogous to (24.9) we have in this case, as a con- 
sequence of (25.2), 

(25.6) [afi, r\, - 9UC Vi* K\' { /■ [ • 


(p = bfxjj dti^ 


7 _ + 


For w — 2 dl the Riemann symbols of the first kind (§ 8) are zero 
or differ from Rnxt at most in sign, because of the identities (8.10).§ 
In this case we have for two coordinate systems, xi and m'*, 


Ki2 



du'^ 


du^ du^ Y 
dti'^ du'^l ' 


as follows from the general equations (4.6), and also for the 
determinant & — \ Kfi\ from (9.3) 

, I du^ 8w* du^ 8u*\* 


♦ 1854, 1, p. 261. 

t We observe that s is not uniquely determined when the geodesic is of length 
zero [cf. the remarks following equation (17.11)]. 

i Throughout this section it is understood that Greek indices take the values 1 
and 2. _ 

§ We indicate by Bafiyd symbols formed with respect to (25.8). 
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Hence 


Pltli 


(25.6) K = 



h 

^11 ^22 ^12* 


is an invariant. Since 




II 


^22 

h ^ ^ 

bn 
b ’ 

we have 
(25.7) Kbn = 

Kbl2 = 

II 

il 

Kb22 


Prom these equations it follows that K as defined by (25.6) is 
the Gaussian curvature of S.* 

From (25.5) it follows that at P the origin of Riemannian 
coordinates all the symbols [afi, y]^ are zero, and from (8.8) 






du^ 


When the expressions from (25,5) are substituted, we obtain, because 
of (18.8) and (8.3), 

^1.1, = 

= ffik ll 1^ ^2 1* ^2 1*^ ^1 1*” P^in^j = PkimJ |* ^2 1* 1*^ ^21'^ • 

Since the expression on the right is an invariant, it holds in any 
coordinate system. 

We have from (25.4) and (25.2) 

(25.8) hii baa ^12* = (^hj Qik ghk ffy) ^ • 

Hence (25.6) may be written in the form 

/OR Q\ IT Phyk^l\^^2\^ ^l\’^ ^1^' 

which is the expression in any coordinate system for the curvature 
at a point P for the orientation determined by and 


1909, 1, p. 156. 


6 
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aS. The Bianchi identity. The theorem of Schur. We 

recall from (8.3) that the components JK^tc of the Riemann tensor 
are defined by 

If we choose geodesic coordinates at a point P, then at P 

h J I _ 9“ J h ) 

^ dxj doc^ I ik) djr^ aP 1 ij I * 

From this and similar expressions for the other terms in the left- 
hand member of the following equation it follows that 

(26.2) PVz + + PV;. - 0 

at P. Since the terms of this equation are components of a 
tensor, this equation holds for any coordinate system and at 
each point. Hence (26.2) is an identity thioughout the space for 
/\, ijjfkj I = 1. • • •, n. It is known as the ideniity of Bianchi who 
was the first to discover it.* Since (jij and behave like con- 
stants in covariant differentiation, we have from (26,2) 

(26.3) BhiJKlf- RhikUjf - Bhxijjz -- 0. 

Because of the identities (8.10) equation (26.2) can be written 

R^ijKl — R\lk,j — 0 . 

If we contract for h and A:, we obtain 

Pvi ^ RilJ ”{“ RmilJth 0, 

where Ry are the components of the Ricci tensor (§ 8). If this 
equation be multiplied by g^, and i and I be summed, we get 

( 26 . 4 ) 


* Bianchi^ 1902, 1, p. 351. 



where 

(26.5) 


26. The Bianchi identity. The theorem of Schur 
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R — g^jRu 

is called the curvature invariant^ or scalar curvature, of the space.* 
Equations (26.4) are important in the general theory of relativity. 

From (25.9) it follows that a necessary and sufficient condition 
that the curvature at every point of space be independent of the 
orientation is that (cf. Ex. 14, p. 32) 

(26.6) Rh\}k = h ighjgik—ghkgij), 

where h is at most a function of the Since we have from (26.6) 

Rhijk, I i9hi9ik ghk gij ) , 


it follows from (26.2) that 

(^hjgik—ghkgij) + ighkgii—ghigik) 

+ -^(9higij—ghjgu) = 0 . 

If we assume that j, Jc and I are different, on multiplying this 

B h 9 & 

equation by g^ and summing for 7t, we obtain 9ik-^ — 9^^ 9i^ ™ 

If i is allowed to take values from 1 to n, it follows that 
= -^k determinant g is not zero by hypothesis. 

Hence h is constant and we have the following theorem due 
to Schur :t 

Jf the Riemannian curvature of a space at each point is the 
same for every orientation, it does not vary from point to point 
A space of this kind is said to be of constant Riemannian 
airvature. Equations (26.6), where h is constant, are the necessary 
and sufficient conditions for such a space. 

In § 10 it was shown that a necessary and sufficient condition 
that there exist a coordinate system for a y» for which the components 


* Cf. Levi-Civita, 1917, 3, p. 388. 
1 1886, 1, p. 563. 
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of the fundamental tensor are constants is that 0 for 

h, ij, ^ = 1, . . w. In this case as follows from (25.9) K^O 
for every orientation at every point of Fn, and is a special case 
of (26.6) with & = 0. When the fundamental form is definite, 
Vn is a euclidean space of n dimensions and the special coordi- 
nate system is cartesian. We denote by 8 n a space for which 
== 0 for hf ijyk = 1 , • • w and call it a flat space. 

27 . Isometric correspondence of spaces of constant 
curvature. Motions in a F„. When the fundamental forms 
of any two spaces of the same order are transformable into one 
another, we say that the spaces are isometric and that the equations 
of the transformation define the isometric correspondence. In § 24 
we have applied the term applicable to two isometric sub -spaces 
of a space F^; some writers use this term as synonymous with 
isometric, but we prefer the term isometric when the two spaces 
are not looked upon as sub -spaces of an enveloping space, since 
applicable has the connotation of applicability. 

Returning to the consideration of equations (10.5) and their 
interpretation in § 26, we give the third theorem § 10 the form: 

Any two spaces of n dimensions of the same constant curvature 
are isometric, and the equations of the isometric correspondence 
involve w(w + l)/2 arbitrary constants* 

The geometrical properties of a surface in euclidean 3-space 
which depend upon the fundamental form alone as distinguished 
from its properties as a sub -space of the enveloping euclidean 
space are called intrinsic. We apply this term to the properties 
of any Vn depending only upon its fundamental form. As a result 
of the above theorem we have : 

Two spaces of n dimensions of the same constant curvature ivhose 
fundamental forms have the same signatures have the same intrinsic 
properties. 

We have seen in § 26 that a necessary and sufficient condition 
that a space Fn be of constant curvature is that the components 
of the fundamental tensor satisfy the conditions 

( 27 . 1 ) Rhijk == ^oighjgik — ghugii)* 

. * 111 order that the correspondence be real, the signatures of the fundamental 
forms of the two spaces must be the same. 
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We inquire whether there exists a i^steni of coordinates of in 
such a space for which the fundamental form is 


(27.?!) 



eiidaf)* 

U* 


f 


where (7 is a function of the x's and the e’s are plus or minus 
one. Making use of (15.8), we find that the conditions (27.1) 
applied to (27.2) reduce to 

0, 



From the first of these equations it follows that 


^7== Zi + ... + Zn, 

where Xi is a function of alone. From the second of (27.3) 
and the equation obtained therefrom by replacing j by ly we get 
Xjej == Xi eiy where the primes denote differentiation with respect 
to the argument. Since the first and second terms involve 
and at most, it follows from this equation that Xta = a, 
where a is an arbitrary constant, and therefore that 


where the &’s and c’s are arbitrary constants. If we substitute 
these expressions in the second of (27.3), we obtain the following 
conditions upon these constants: 


(27.4) 


Ko = AZeiiaci-b’l). 


When, in particular, we take all of the h’s equal to zero and 
choose the c’s so that ^eiCi — 1, then (27.2) becomes 


(27.5) 


Bi (jdx'f Yeni.dad^f 


[l + ^(e, + e»a^*+ . • • + BnOf^J 
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This is known o&tYiei Riemannian form for a space of constant cuiT- 
ature*. From the first theorem of this section we have: 

The coordinates of any space of constant curvature can he chose^i 
so that its fundamental form assumes the Riemannian fo7'm {21»b), 
In order to give a geometric interpretation to the first theorem 
of this section, we consider two points P and P' of two spaces 
Vn and Vi of the same constant curvature. As we are concerned 
primarily with real isometric correspondences, we assume that the 
signatures (§ 9) of the fundamental forms at P and P are the 
same. We take any ennuple of mutually orthogonal non-null 
vectors at P for the directions of the parametric curves at P and 
similarly at P', and choose the coordinates so that at P and P 
the fundamental forms are respectively 

cp =- {dx^f+ h • • (dx^S\ 

(27.6) 

(p^ — {dx^Y ^ — • • • — (rfo?'”)'. 

Returning to the considerations of § 10, we observe that if we take 

(27.7) - d; 

for the values of P at P, the conditions (10.3) are satisfied and 
also (10.4) in consequence of (27.1). By the arguments of § 10 
there exists a solution of (10.1) and (10.2), determined by the 
initial values (27.7), which satisfies (10.3) and (10.4) for all values 
of ic*. We remark that (27.7) is the condition that the direction 
of the curve of parameter .r’ at P corresponds to the direction of 
the curve of parameter P' at P, From the first of (27.6) it 
follows that the components of the directions of the curves of 
parameter x^ for ^ = 1, • • at P are such that the invariant 
is positive, and for i n this invariant is 

negative; similarly for the directions of the parametric curves at 
F. According as this invariant is positive or negative we say 
that the corresponding vector is positive or negative. Accordingly 
we have the theorem: 

If Vn and Vi are two spaces of the same constant curvature^ 

* Uiemann, 1854, 1, p. 264. 
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and F and P are two points of these spaces at which the signatures 
of the fundamental forms are the same, a real isometric correspond- 
ence can be established between F» and Vn such that P and any 
orthogonal ennuple a1 P corresponds to P and any orthogonal 
ennuple at P\ suited to the restriction that positive and negative 
vectors at P correspond to vectors of the same kind at P'.* 

When, in particular, we apply the preceding considerations to 
one space instead of two, we have an isometric coiTespondence of 
Vn with itself such that P and an arbitrary orthogonal ennuple 
at P correspond to a point P and an arbitrary orthogonal 
ennuple at P\ Thus we interpret the equations between the oj’s 
and a*'’s as an isometric point transformation of the space into 
itself. This is evidently a generalization of a point transformation 
of a euclidean space into itself; wdien the equations of such a 
transformation involve parameters, they may be interpreted as 
defining a motion of a portion of the space into another portion. 

In order to consider more fully the question of a motion of a 
portion of a space into another portion, we recall that when a 
euclidean space is refered to cartesian coordinates x% the equations 
of a general motion are defined by 

(27.8) P -- 

where the a’s and O’s are constants subject to the conditions 

(27.9) ^ ^ 0 + ^)- 

1 7 

From (27.8) and (27.9) we have 

(27.10) 2^(dx‘f -- 

I t 

If now the x'a are replaced by functions of any coordinates a*'* and 
and P by the same functions of equation (27.10) becomes 

g'ydx^dr''^ = 


* Evidently there is no such restriction when the fundamental forms of Vn 
and K are definite. 
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where gij and gij are the same functions of the x's and ?s re- 
spectively. Dropping the primes we have the result that the 
equations of a motion in euclidean space referred to general 
coordinates satisfy the differential equations 

(27.11) = 

where and ga are the same functions of the and x’s re- 
spectively. 

We generalize this result and say that when the fundamental 
tensor of a Vn is such that equations (27.11) admit a solution 

(27.12) 

involving one or more parameters, these equations define a motion 
of Vn into itself; when, in particular, (27.12) do not involve a 
parameter these equations define merely an isometric correspon- 
dence of the space with itself. In order to determine whether a 
space Vn admits motions into itself, we have only to apply the 
processes of § 10 to the case where gtj and gij are the same 
functions of the aj’s and x's. This general problem will be considered 
in Chapter 6. For the present we remark that the third theorem 
of § 10 may be given the form: 

A space F» of constant curvature admits a group of motions of 
n(n + l)/2 parameters \ conversdy, when a Vn admits a group of 
motions of n{n-\-\)l2 parameters, its curvature is constant 

From the fourth theorem of this section and the above con- 
siderations we have also: 

If the signature of the fundamental form of a space of constant 
curvature is the same at all points, there exists a motion of the 
portion of the space in the neighborhood of a paint P into the 
portion in the neighborhood of any othey^ point F such that an 
orthogonal ennuple at P goes into an arbitrary ennuple at P', 
with the restriction that a positive or negative vector of the former 
goes into one of the same kind at P'. 


Of. Bianchi, 1902, 1, p. 348. 
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28 . Conformal spaces. Spaces conformal to a flat space. 

If the fundamental tensors and of two spaces Vn and Vn are 
in the relation 

(28.1) gij = ^gii, 

where a is any function of the x's, from (12.5) it follows that 
the nmgnitudes of the vectors of components daf at points of Vn 
and Vn with the same coordinates are proportional and from (13.4) 
that the angles between two corresponding directions at corre- 
sponding points are equal. Accordingly we say that the corre- 
spondence between Vn and Vn is conformal, and that Vn and Vn are 
conformal spaces. The condition (28.1) is necessary as well as 
sufficient. 

From (28.1) we have 

(28.2) g^ = 

and from (7.1) and (7.2) we derive the following relations between 
the Christoffel symbols formed with respect to the two tensors: 


Uj,^] = + .g>icaj + 

(28.3) ) T ( j « 1 

I ij I Ujl 


} + + 6}a,i — 


where c, — If o',, denote the second covariant derivatives 

9 a:‘ 

of a with respect to the g's and we write 


(28.4) 


Cij — O’, ij o, t a j , 


when we substitute these expressions in equations analogous to (8.8), 
we have 


(28.5) 


e Rhiik = Rhyk-i-ghk^if-^rgv^hk — gjijf^ik — gik^hj 
+ (ghk gij — ghj gik) 


where JiO is defined by (14.1). 

By means of (28.2) and (28.5) we have for Jhe expressions for 
the components of the Ricci tensor (§ 8) for Vn 
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(28.6) iSy = = — 2)ff,y+^vfJ,ff4-(«— 2)4i«r], 

where JaC is defined by (14.3), and the invariant curvature is 
given by 

(28.7) B e-^^[I^+2(n~l)As(y+(n—l)(n — 2)Al(r]. 

The case n == 1 evidently is of no interest. Since any 
quadratic differential form in two variables is reducible to the form 
Z[(dcc^)^±(dx^y] in an infinity of ways*, any Fg is conformal to 
any other. In what follows we understand that n>2. 

In consequence of (28.1) equation (28.7) can be written 

(28.8) ffij OijYil-\-2{^'n — 1) ^2 <y ”1“ (w — l)(w — 2)Aio\* 


Kliminating A^a from this equation and (28.6), we obtain 


(28.9) 


~ n~2 2(«-l)(n' 


1 




Because of (28.2) equations (28.5) can be T\Titten 

=■ l^ijk + ^kOij—d'j Cik-\- {g,j(fik — gikOij) 


(28.10) 


■\-{^g,j—^gik)^xo. 


If tlie expression (28.9) for Oy and analogous expressions for 
m, oik and ag be substituted in (28.10), the resulting equations are 
reducible to 


(28.11) C\k = 
where 

C ,jk — ■ B gk + ~~ "0 Bik dJi Bg + gik B'‘j — gg B!‘k) 

(28.12) 

(n — l)(n — 2) ■ 


1909, 1, pp. 93, 102. 
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Evidently are the components of a tensor, and as follows 
from (28.11) this tensor is the same for Vn and Vn in conformal 
correspondence. It was called the conformal mrvatiire tensor by 
Weyl*, who was the first to consider it. 

When w = 3 and the coordinates are chosen so that g^j = 0 
a ^j) (§ is readily shown that (cf. Ex. 15, p. 32). 

The conformal cv^rvatnre tensor is a zero tensor in a Fat. 

In consequence of (26.2) we have from (28.12) 

+ = -^{6’^ R^lcl + 6\R^^j 

(28.13) 

+ <jf K,jk + gm R^ji + g,i Ji\j + gg , 


where we have put 

Rijk “ RiJ, h RikJ "}■ o'/II 1 \ ffif f 

(28.14) 2(n— 1) 

R^jk ~ f*"* Rijk» 

Raising tlie index / and contracting for i and jy we have in con- 
sequence of (26.4) 

(28.15) R^m -= 0. 

Contracting (28.12) for h and /.*, we have Cij — 0. When we make 
use of this result and (28.15) in contracting (28.13) for h and /r, 
we obtain 

(28.16) V%j,h = 

From (27.5) it is seen that any space of constant curvature is 
conformal to a flat-space Sn (§ 26). We seek the necessary and 
sufficient conditions that a F„ be conformal to an Sn^ 

In order that Vn in the preceding discussion be an Sn, it is 
necessary and sufficient that Ehijk = 0 (§ 26). From (28.11) and 
(28.12) it follows at once that Ch,jk 0, that is, 

* 1918, 2, p. 404. 
t Weyly 1918, 2., p. 404. 
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(28.17) 


Rhijk ^ {gjh Roe — 901 Bhj 9il •®W') 

fl u 


Since ^ = 0 also, we have from (28.9) 
(28.18) «r,</ = <r,i a,j + (2(n — 1) 


Moreover, when <r satisfies these equations, equations (28.8) for 
jK =z= 0 are satisfied. The conditions of integrability of (28.18) 
are [cf. (11.14)] 

0',*7k — ~ €f,iBijk- 


Substituting from (28.18), we find as the conditions 
(28.19) jR»7, k BikJ "f" Y) ^ fc) ~ ^ • 


For n + 3 this condition is a consequence, of (28.17) as follows 
from (28.16). Hence we have the theorem: 

Any Vi can be mapped conformally on an Si; a necessary and 
sufficient condition that a Vn for n > 2 can he mapped conformally 
on an Sn is that the tensor Ryk be a zero tensor when w ™ 3 and 
when w>3 that Chyk be a zet'o tensor 


Exercises. 

1. A coordinate system can be chosen so that 

Fermi, 1922, 5; Levi-Civita, 1925, 4, p. 190. 




Q ^ ~ 0 along a given curve. 


2. A space for which 




is called an Einstein space. Every is an Einstein space (cf. Ex. 2, p. 47). 
Show that an Einstein space F, has constant curvature. 

Schouten and Struik^ 1921, 3, p. 214. 

* Weyly 1918, 2, p. 404, showed that the vanishing of is a necessary con- 
dition. Schouten, 1921, 2, p. 80, that it is sufficient when n>3; he also derived 
the above conditions for a F,. 
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3. Show that a space of constant curvature is an Einstein space, and 
that B = iTJl — «)n. 

4 . If an Einstein space is conformal to a flat space, it is a space of constant 

curvature. Schouten and Struik, 1921, 3, p. 214. 

5. Show by means of (26.4) that when n>2 the scalar curvature of an 

Einstein space is constant. Herglotz, 1916, 2, p. 203. 

6. A for which 

S',, = - (l - -Ir) . S',, = - (x^y, S„ = - (■«’ sina:*)* 

S.4 = 1 — 9^=0 (* + i), 

where a is an arbitrary constant, is an Einstein space for which B — 0. 

Schwarzschtldy 1916, 3, p. 195. 

7. A for which 

9n — — s„ — — (x'y, 3u= — (“=’ *’)’> 

9u— = 1+ “^3 ^ j'' s, — 0 (» + j), 

where a and c are arbitrary constants is an Einstein space. Show that when 
c = 0 the has constant Riemannian curvature. Kottler^ 1918, 3, p. 443. 

8. In order that the tensor 

+ b), 


where B^j = B^^ and where a and b are invariants, shall satisfy the conditions 

^ = 0, it is necessary and sufficient that it be of the form 

«. =B.+,,;(_Ab + c), 


where c is an arbitrary constant. 

9. Let K be the curvature at a point P of a determined by the vectors 
and when is displaced parallel to itself around a small circuit and returns 
to P, the change in the angle « with the vector is given by A « = — KAS^ 
where A ^ is the area enclosed by the circuit (cf. Ex. 6, p. 79). 

Perh, 1919, 1, p. 428. 

10. If A^i* and are the components of two families of unit vectors, the 
vectors of each family being parallel with respect to a curve C, the curvature K 


determined at each point by the vectors and at the point satisfies 
the equation 


M _ B 
d»' ~ •“«“ 


Si '^ii ^*1 


ds 


In order that K he constant along C for all sets of parallel vectors and 
it is necessary and sufficient that 
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In order that this property hold for any curve, it is necessary and sufficient 
that = 0. Levy, 1926, 1. 

11. If is any function of the ac’s such that d, cr + 0, and = 0 

for = 1, • • 4, then = 0. (Cf. Ex. 12, p. 32.) 

Brinkmann, 1924, 2, p. 277. 

12. If <r= — f in (28.1), then g " const, for in this coordinate 

£ n 

system and | — 0. 

13. Show that the quantities 


A' 


I I 

l?kl n 


Ikf 


UJ 


4 - g'^ g. 


\h[ 




have the same values at corresponding points of two spaces whose fundamental 
tensors are connected by (28.2). Thomas, 1925, 5, p. 257. 

14. By expressing integrability conditions of the equations of transformation 
of the quantities of Ex. 13 under a change of coordinate systems, show that 
the following quantities are the components of a tensor. 


F 




where is formed from the K's in the same way that is formed from the 
Christoffel symbols of the second kind, and where Aj - A’*,,. Show also that 
the above expression is equal to (w--2)C‘j^^. Thomas, 1925, 5, p. 258. 

15. Show that, if each Christoffel symbol in the covariant derivative of g‘^ g,^i 
is replaced by the corresponding A’Jj^ (cf. Ex. 13), the result is identically zero. 
Hence show that in tlie system of coordinates y\ defined by 

^ -^o' + y- 2 . 

the components of this tensor are stationary at the origin. 

Thomas, 1925, 5, p. 259. 

16. Show by means of (27.4) that the most general conformal map of a 
euclidean space upon itself for n'T>2 is obtained as the product of inversions 
with respect to a hypersphere, motions and transformations of similitude. 

Bianchi, 1902, 1, p. 375, 376. 

17. Obtain the theorem for any flat space analogous to that of Ex. 16. 

18. A necessary and sufficient condition that a for n>2 can be mapped 
conformally on an Einstein space is that there exist a function a satisfying 
the equations 


+ = A,. 



where 
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A = 


1 . 

2 2w(w — 1) ’ 


(n~2)7. 


y ““ 2(n — 1) 


^ I? 

— "y» 


JJ being the constant scalar curvature of 7^; then fftj== 

Brinkmann, 1924, 2, p. 271. 

19. Show that the conditions of integrability of the equations of Ex. 18 are 




fjk 



E 


fjk* 


where E^j^ is defined by (28.14), and that consequently the equations are com- 
pletely integrable only in case can be mapped on an 

Brinkmann^ 1924, 2, p. 272. 

20. In order that an Einstein space can be mapped conformally on an Ein- 
stein space, it is necessary that the function <r in § 28 satisfy the equations 


_L 

-JnCn- 


1 ) 


— E — n in — 1) A^a] 


where E and E are the constant scalar curvatures of the two spaces. 

Brinkmann^ 1925, 6, p. 121. 

21. Show by means of Ex. 4, p. 47 that for any solution of the equations 
of Ex. 20 

^■‘^= ^- 1 ) (iJ^" + 2ce-+B), 

where c is a constant; and consequently, if Jt<F = 0, the scalar curvatures of 
the two spaces must be zero. Brinkmann^ 1925, 6, p. 122. 

22. An Einstein space can be mapped conformally on another Einstein 
space by means of a function a for which Ji<r 4 : 0 , if, and only if, its fundamental 
form is reducible to 

^ ^ = 1, • • •, » — 1), 

where 

a and h being constants, and the functions are independent of x* and such 
that dx^ is the fundamental form of an Einstein Fn-i. 

Brinkmann, 1925, 6, p. 125. 
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Orthogonal ennuples 

29 . Determination of tensors by means of the compo- 
nents of an orthogonal ennuple and invariants. If the 
equations (13.12) of an orthogonal ennuple are written in the form 

(29.1) ^h\ih\' ~ 0 (/i + ^')> ^h\ih\ — eh {h,k — !,•••,??), 
and we solve the n — 1 equations of the first set for hi\i, we get 

^/tll ^h\2 _ ^h\n 

where denotes the cofactor of Xh\ in the detenninant 
divided by this determinant; hence Xh ^^ From the second 
of (29.1) it follows that the value of these ratios is eh, and con- 
sequently 

(29.2) ehXh\u 
If we solve the equations 

ffij Xh\ ~ Xh\j (/< = 1 . . . . ^ Ij) 

for Qij and make use of (29.2), we obtain 

(29.3) 9>j='^”ehh^ih\ . 

From these equations follow 

1, • • •, n 

2 Sk ^klf Afti'' — S, 


(29.4) 
and 

(29.5) 


1| • • - t U 

^ ehXh\^Xh\^ == g 
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Consider now any covariant tensor of the mth order of com- 
ponents ar,,...r^' 'The quantities Ch^- a ,, defined by 

(29.6) C/,, .. = Or, . .»■„ ", 

are invariants. If these expressions for are substituted 

in the right-hand member of the equation 

1, . W 

(29.7) ’--2, o, eh,- ■■ Cl, ^ 

this equation reduces to an identity because of (29.4). H^ce: 

The components of any tensor are eccpressihle in terms of in- 
variants and the components of an orthogonal ennuple*, 

30 . Coefficients of rotation. Geodesic congruences. In 
conformity with (29.6) we define a set of invariants ym by the 
equations 

( 30 . 1 ) Yihk h ij hi, * ^ 

where h,tj (iJ -- are the components of the covariant 

derivative of h,i with respect to the fundamental form of the 
space. Equations (30.1) are equivalent by (29.7) to 

1,. .,n 

(30.2) hit,j == ^ Ch Ck rihk ^h\i ^k\j* 

\ « 

From the first of equations (29.1) we have by covariant 
differentiation [cf. (11.11)] 


^h\ij ^h\' == 0 . 

Substituting from equations of the form (30.2), multiplying by 
Xi\^ and summing for j, we obtain 

(30.3) + = 0 (h^k)\ 

in particular we have 

(30.4) 


* Of. Bicci and Levi-Civita, 1901, 1, p. 147. 


7 
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So far as these identities go there are n*(w l)/2 independent 
invariants Iaw. However, they are not arbitrary but are subject 
to the conditions arising from the conditions of integrability of 
equations (30.2). 

The conditions of integrability of (30.2) are of the fonn (cf. § 11) 
(30.5) ijk* 


If the expressions obtained by differentiating (30.2) covariantly 
and a similar equation in h\i,k be substituted in (30.5) and the 
resulting equation be multiplied by and summed for 

/, j and k, this equation is reducible by means of (30.1) to 


(30.6) Ylpqr — Rhijk ^l\ ^p\ ^q\ ^r\ j 

where by definition 

1 , • 


(30.7) 


Ylpqr 


^Ylpq ^Ylpr 4_ ’ ^ r / \ 

~ g ^ ^ ^ ^ m y'lpm (Y mqy Ymn^ 


ds, 


4" Y mlr Y mpq Ymlq Y mpr\ j 


and where for any invariant function we writ(» 


(30.8) 


If - 7 


9 Sf 


da^ 


o ^ 

As thus defined — ^ is the ratio of two differentials. We call it 
9 Sr 

an intrinsic derivative. 

From (8.10) and (30.6) it follows that 


(30.9) Ylpqr — Yplqr 

From (30.8) we have 


~Ylprq “ Yqrlp* 


8 8 / 
8Sk dsh 


dx^ ~ + W fji) 


1, ,w 

~ ^ Yhlk ^l\ fj + ^h\'^ ^k\ * f,ji . 
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Since /,;< =■- f,y, it follows that 


130.10) 


9 9/ 

dnit dfth 


9 9/ 

9.VA g.v* 




This is the form which the condition of integrability of intrinsic 
derivatives assumes. 

In order to give a geometric interpretation to the invariants ya*, 
we consider a point Po ofF» and the curve Cm. of the congruence 
A„,|’ through 7^0 ; along Cm we have 

(30.11) =- Xm/. 

c Sm 

Denote by Ohi the angle at any point P of Cm between the vector h\i 
at P and the vector at P parallel to at Pq with respect 
to a displacement from Po to P along Cm*, then 


CQ&Shi ~ X] 


'h\i* 


By hypothesis — 0 and consequently (§ 11) 


(a0.12) 


dSr 


COS^/ii — Xi\ Xjii\ Xfii j=^ Xi\ Xjfi\'^ f^p Gq yhpq Xp\i Xq\j 


P,Q 



At Po X]\^ - Xi{ and consequently at Po 


g 

(30.13) — COSOhl = Yhlm^ 

OSm 

Hence we have: 

If 'is any point of Vn and P is a nearby point on the 
curve Cm of the congruence through Po, then ynim dsm is equal, 
to within terms of higher order, to minus the difference of the 
cosine of the angle between the vectors and at Po and the 

cosine of the angle between the vector Xhi*' at P and the vector at P 
parallel to Xi\ at Po with respect to Cm* 

When the space is euclidean, rjum dsm is the component in the 
direction A^j^ of the rotation of the vector Xn* as Po moves to P. 


7 * 
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Consequently we speak of yum in the general case as the confidents 
of rotation of the enhuple.* 

From (30.2) we have 

(SO.l^) — ~ Ylhl ^h\i • 

From (17.11) it follows that the right-hand member is zero, when, 
and only when, the curves of the congruence Izi* are geodesics. 
If this expression equated to zero be multiplied by Iki* and summed 
for i, we obtain the theorem: 

A necessary and sufficient condition that the curves of the con- 
gruence ^iii be geodesics is that 

(30.15) YMi ==0 (A = 1, •• •, w). 

In the general case we have from (30.14) and (20.1) 

(30.16) ^ Ylhl hi\\ 

where tn\ are the components of the principal normal of a cuiwe 
of direction Xi\\ From (30.16) and (20.3) we have 

(30.17) \ = 9 ii mi mi = Zeh rlu . 

Ql " 

Hence when the principal normals are not null vectors, the first 
curvature is given by 

(30.18) ^ ~ V > 

and the principal normals are positive or negative vectors (§ 27) 
according to the sign of the right-hand member of (30.17). Also 
from (30.17) we have that the principal normals to the curves 
are null vectors, when, and only when, 

(30.19) ^ehYhii = 0 (A = 1, . . ., w), 

and (30.15) is not satisfied. 

♦ Levi-Civitaj 1917, 1, p. 192, 
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31. Determinants and matrices. Certain theorems con- 
cerning determinants and matrices can be given simple form by the 
use of quantities i^== which are defined to be zero, 

when two or more of the indices are the same, and 1 or — 1 
according as the indices are obtainable from the natural sequence 
1, by an even or odd number of transpositions.* Thus the 
determinant a = |aj|, in which i indicates the column and^ the 
row for iyj = may be written in either of the forms 


(31.1) 
or 

(31.2) 


e a a** • • • a 

hh 1 2 n 


1, 1 2 

a = ^ "'a, a. 


From these equations it is seen at once that a determinant 
changes sign, if the elements of two rows (or columns) are inter- 
changed, and that a determinant is zero, if corresponding elements 
of two rows (or columns) are the same. These properties are put 
in evidence also by the following identities which are consequences 
of (31.1) and (31.2)- 


(31.3)^^ 


JiJt- Ji 


a — 


J\ Ji Jn 


AJt 


= € 




As an example of the use of the e’s we establish the law 
for multiplication of determinants. Let a and & = |&J| be two 
determinants of the nth order. By (31.1) and (31.3) we have 


at, 

Ji'- 

K' 


\h ■ 


••• «;:*'!* &2*-' 

■K- 






where cj. = 

As defined the ^’s have n indices when the indices take the 
values 1, ...,n. We define also a set of quantities for 

p ^ n. By definition these quantities are zero, when two or more 


* Of. Eddington, 1923, 1, p. 107 
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superscripts (or subscripts) are the same, or when the superecripts 
do not have the same set of p values as the subscripts ; also any d 
is -|- 1 w — 1 according as the superscripts and the subscripts differ 
from one another by an even or odd number of permutations.* As 
an immediate consequence of the definitions we have 


(31.4) 

(31.5) 


^^II Ji Jtt *1 » 


Also we have the identity 


(31.6) 






nl d;- 




(31.7) 4 ' • • 

*'l ‘'n S % *1 *n •'i Jn 


Moreover, from (31.3) and (31.4) we have 

"'ll 

Consider now two matrices 
(31.8) !|r'|!. P<i|, 


where the Greek letters take the values 1,- -.n and determine 
the column, and the Latin - . n) and determine the row. 

We put 

(31.9) y y (jy 


and establish the following theorem which we shall use later: 

The determinant of the quantities h\n defined %(31.9) is the sum 
of the 'product of corresponding determinants of the pth order of 
the matrices (31.8). 

From (31.9) and (31.1) 




*1 K 

c. c^ ^ 
> rs 


C'’ ‘ (/?/- 

Yp 1 ^ 


p ^ 


which by (31.7) may be written 


h = 


1 2 








* Cf. Murnaghm. 1925. 7. 
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and by (31.6) 
(31.10) h = 


1 * 1 P jVp 


For any term of this sum to be different from zero, the and y's 
must take on the same set of values and each permutation of the a's 
over these values gives a term; there are consequently j?! terms 
for a given set of yd’s and /’s each of which is obtained by multiply- 
ing together 




-ftp \ 2 p 


"ri-'i'p 




■ ■ 4 ” 


for the a’s in the same order. But from (31.4) und (31.5) these 
expressions for a given set of a’s are seen to be corresponding 
determinants of the matrices (31.8) to within the equal multipliers 
2 iiid whose product is 1. Hence the expression on 

the right in (31.10) reduces to the sum of the products of corre- 
sponding determinants of (31.8), as was to be proved.* 

32 . The orthogonal ennuple of Schmidt. Associate 
directions of higher orders. The Frenet formulas for 
a curve in a Let be the components of a unit vector, 
that is, 

(32.1) ^1, 

and let for <r = 2, m be the components of any -1 
other vectors such that these 7i vectors are linearly independent. 
We put 

(32.2) gij h' ^vi\ ^ bin = hT (/, wi ~ 1, • • • , n),t 


and we denote by bp the determinant of for «, yd = i, . . 
thus, 

(32.3) - 16^1 (a,yd = l,...,p). 

From (32.2), (32.3) and the results of § 31 we have that 6p is the 
sum of the products of corresponding p row determinants of the 

* For another proof of this theorem, see Kowaleioski, 1909, 2, p. 77. 
t Normally one would use bim but the notation used makes for simplicity in 
what follows. 
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matrices ||^y ?«|*J| and ||?^1|. Consequently when the fundamental 
form of Vn is positive definite, all of the determinants hp for 
p = j n are positive;* when the fundamental form is indefinite, 
we assume that the vectors Jcr* are such that ftp 4^ 0 for jo = 1, • • w. 

Consider now the vector of components Xpi' which are expressed 
linearly in terms of the components for <r — 1, • • •, p, as follows 

(32.4) =-• ' K (« = 1 . • • • , i»), 

where ep is chosen so that the radical is real and Bp is the 
cofactor of hp in hp divided by hp. From (32.1) and (32.3) it follows 
that hi= ei. In order that (32.4) may hold for p — 1 and that 
^ii* = we define &o as 1. 

From (32.4) we have 

(32.5) //v {q ^ P)- 

Assuming that q<p, we have from the definition of ^q\ similar 
to (32.4) and from (32.5) 

(32.6) g,j kp{ Xq\^ -^-0 (p + q). 

If both sides of (32.4) be multiplied by gij Xp\^ and summed for /, 
we have in consequence of (32.5) 

(32.7) ^p\ ~ ep. 

Thus the vectors defined by (32.4) for p = 1, • • • , n form an ortho- 
gonal ennuple, as first shown by E. Schmidtt. 

Consider now any curve C in F» and the vectors of a field 
All* at points of C which are assumed not to be parallel along C. 
If we put 


* This is seen by considering any point P and choosing the coordinate system 
so that at P g^^ = 1, = 0 (t + y), in which case any h, is the sum of 

squares. 

1 1908, 1, p. 61 ; cf. also Kowalewski, 1909, 2, pp. 423-426. 
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(32.8) 


ds 


w - 


^2! > 


then ? 2 |* are the components of the vector associate to (§ 24). 
Since hi = hi = 0 for this case, we must assume that this vector 
is not a null vector, if we desire &2 as defined by (32.3) to be 
different from zero. We define n — 2 other vectors along C by 
the equations 

(32.9) - S. . ' (/• -- 2. • •, «-!).* 

We assume that these n vectors are linearly independent and that 
hp 0 for p = 1, - n. Then equations (32.4) define an ortho- 
gonal ennuple ot directions at points of C which we call the 
aasonate diretUons of ' of orders ],*• , n — 1. 

(I oc^ 

At points of the components of the tangent vector to C are 
are expressible in the form 

(32.10) , n), 


where the a’s are invariants. From (32.10) and 

’ H 

(32.11) Ap| , y “ Ckelypkl^k^ j 
we have 

(32.12) 

as k 

where 

(32.13) «pjt a' j-pi ., . 

Because of (30.3) we Jjave also 

(32.14) apk+«kp = 0. 

From (32.4) and (32.9) it follows that j is at most a 

* For the development of this section to apply y/t assume that none of the 
vectors £r|‘ are parallel with respect to C 
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linear expression in and therefore in Aii’,- • ■, 

Consequently aj* = 0 for fc>p4*l- Combining this result with 

(32.14), we have 


(32.15) 




Gp 


CCpk 


0 


[fc + (p±i)i, 


where Qp is defined by the first of these equations. Accordingly 
equations (32.12) reduce to 


(32.16) + (P = 2,.. ..«-!), 

as Qp-t^ Qp 

from which we have 

(32.17) - (p = 2,....n-l). 

(IS Qp 


From (32.8) and § 24 it follows that (32.16) apply also to the case 
p \ with the understanding that Hqo ~ 0. Also from (32.12) 
and (32.15) for p — w are have (32.16) for p = n with the under- 
standing that I/qh = 0. 

We call 1/qp for p ~ 1, n — 1 the associate curvatures of 
order 1, • • •, n — 1 of the vector ?ii*(— A|}’) for the curve C. We 
can find their expressions in terms of the determinants hp by 
differentiating covariantly equations (32.4) with respect to xi and 
substituting in (32.17). This gives, in consequence of (32.9), 





(a = 

which is reducible by means of (32.5) to 


(32.18) 


1 _ ^ ^p hp~i hp-\-\ 

Qp hp 


(p 1, n — 1). 


When, in particular, the vector l-ij' is the tangent vector to C\ 
we have in (32.10) a^==l, a^=0 for o' 4^1 and from (32.13) 
«i)fc = ypfci. From (32.17), (20.1) and (20.3) it follows that 1/qi 
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is the first curvature of C. In this case we say that 1/^p are 
first, second, • • •, n — 1th curvatures of C, Moreover, equations 
(32.16) for = 1, • • w are a generalization of the Frenet 

formulas for a curve in euclidean space in cartesian coordinates, 
as is readily seen by replacing covariant derivatives by ordinary" 
derivatives.* Hence we follow Blaschke in calling (32.16) the 

formulas of Frenet for a cur\^e in a Riemannian space. t 

Exercises. 

1 . If denote the coefficients of rotation for the orthogonal ennuple defined 
by (13.14), show that 

r,,. ^ f,- n n + Z \ K , 

r 

and that 

* tjki *» V I- I ' 

2. Show that ^ are the components of a covariant tensor (§ 31). 

Ricci and Levi-Civita^ 1901, 1, p, 135. 

3. Show that the components of the contravariant tensor of order n associate 

to the tensor of Ex. 2 by means of are ‘ 

Ricci and Levi-Civita, 1901, 1, p. 138. 

4. Show that the first covariant derivatives of the tensors of Exs. 2 and 3 

are zero. JRicci and Levi-Civita, 1901. 1, p. 138. 

5. Show that 



and consequently that the d's are the components of a tensor of order 2m. 

Mu^-naghan, 1925, 7, p. 238. 

33 . Principal directions determined by a symmetric 
covariant tensor of the second order. Let a,j be the com- 
ponents of a symmetric covariant tensor of the second order and 
consider the determinant equation 

(33.1) \aij Qgy \ 0. 

*Cf. 1909, 1, p. 17. 

t Blaschke^ 1920, 1, p. 97, considered the case when the fundamental form is 
definite, in which case the only restriction is that Iii*, and the vectors ifr| 
defined by (32.9) be linearly independent. When the form is indefinite, it must 
be assumed also that the determinants hp defined by (32.3) be different from 
zero; in particular, this requires that the curve C be not minimal 
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In another coordinate system we have 

, dx’' dx'”' , 9x'‘ 9a;'“ 

(33.2) aij=^ 9*”* daf dxJ ’ 


so that (33.1) becomes 


(lim I 


dx 

'Jx^~ 


jk |2 


Since by hypothesis the Jacobian is not zero, this equation is of 
the same form as (33.1) and thus the roots q of (33.1) are invariants. 
If Qh is a real simple root of (33.1), the equations 


(33.3) {a,j Qh Qij) = 0 

define, to within a factor, n quantities which are the contra- 
variant components of a real vector-field, as is seen by changing 
the coordinates and making use of (33.2). If qu is another real 
simple root of (33.1), we have a second vector-field defined by 


(33.4) (^hj—(>Lf/ij)h\' =■ 0. 

Multiplying (33.3) by and (33.4) by summing for^ in each 
case and subtracting, we have, since Qh f Qu by hypothesis, 

(33.5) - 0, 

that is, the two vector-fields are orthogonal. 

From the algebraic theory it follows that if the roots of (33.1) 
are real and the elementary divisors are simple, there exists a 
real transformation of the variables such that at a point P 
the forms 

(33.6) </) (jiidxUlxf, ip — chjdx^dxJ 
arc reducible to 

(3.8 7) '' o(<^ar‘)* + h Cnidx'^y, 

~ Cl Cl (dx^f H 1- CnQn {da.”)*, 

* Cf. Bromwich^ 1906, 1, pp. 30, 50. 
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where the c’s are constants none of which is zero and Qu - 
are the roots of (33.1), which are not necessarily different. In 
particular, if y is a definite fonn, the roots of (33.1) are real, and 
the c’s have the same signs.* 

If is a simple root, then at P the solutions of equations (33.3) 
are An' = 1, An” ~ 0 (« = 2, • • •, n), to within a multiplier. 
Hence the vector is not a null vector. Accordingly if all the roots 
of (33.1) are real and simple, equations (33.3) define n mutually 
orthogonal non-null vectors, that is, an orthogonal ennuple (§ 13). 

When 2 ^ of the roots are equal, say = • ■ • — then for 
/i ~ 1, * • equations (33.3) reduce to — i^h) ~ 0 for 
O' = 1, . . ., n — j[), (;; + a being not summed). These equations are 
satisfied by the p linearly independent vectors whose components are 

A« ' — {a ~ 1, . . .. n). 


which evidently are non-null vectors. Moreover, any other solution 
is a linear combination of these vectors. Consequently for a 
multiple root of order y the rank of (33.1) is n—y, and there 
are sets of solutions. 

If the coordinates are any whatever and A^i^ for « — 1, • • •, p 
are the components of p independent solutions, then 

(33.8) =- («, /J - 1, . ■ p; V = 1, . . 71) 

are another set of solutions. If we choose the functions so that 





+ 0 (a + y), 


the p vectors of components §a|* are mutually orthogonal and ai'e 
not null vectors. The determination of the /m’s is equivalent to 
finding an orthogonal ennuple in a space of p dimensions whose 
fundamental tensor is defined by = gi}^a\ * At a 
point P in the coordinate system giving (33.7), we have A„-* = 0 
for « = 1, . . n, and consequently 


(> = \9ap\ Cl • • • <'p I I’ 4- 0 (pc, 


*BScher, 1907, 1, pp. 171, 305. 
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Hence functions iij satisfying these conditions can be obtained 
in accordance with the results of § 13. 

Gathering the foregoing results together we have the theorem: 
If (hj Cvre ilie compmienfs of a symmetric covarianf tensor such 
that the elementary divisors of equation (33.1) are simple and the 
roots ar* real, equations (33.3) define a leal orthogonal ennuple\ 
this i^ unique when the roots are simple^ when a root is of order p, 
there are sets of mutually mlhogonal non-null vectors (orre~ 

sponding to this root. 

The directions at each point defined by these vectors are called 
the principal diredions determined by the tensor atj, the n con- 
gruences defined by the ennuple the principal conqrumces and 
Qi, • ' Qn the principal invariants. 

Since the vectors are not null vectors, the components can be 
chosen so that 

(33.9) ■= n, (A - 1. ■ . n), 

and we have fi*om (33.3) 

(33.10) - 0, (h ^ 1{), 

Qh Chatj 

Hence if none of the roots of (33.1) is zero, that is, if the 
determinant \ay\ + 0, we have 

(33.11) a j Ini' =|" 0 (/i — 1 , • • • , n). 

Conversely, it ki\ are the components of n mutually oithogonal 
unit vectors, and Otj arc the components of a symmetric tensor 
such that the first of (33.10) is satisfied, then these vectors define 
the principal directions determined by a^. For, if we define n in- 
variants Qh by (33.10), we have as a consequence of (33.5), (33.9) 
and (33.10) 

{cf'ij — Qhgu)h\h\^ =^0 (/e, A: = 1, . . n). 

Since the determinant of the X’s is different from zero, these equations 
are equivalent to (33.3), which establishes the theorem. 

% If we write equations (33.3) in the form 

ajcjhi^ ~ Qhh\jf 
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multiply by eit lh\ti sum for h and make use of (29.4), we obtain 

(33.12) fiij ‘ ^*^^*^* 

When both of the forms (33.6) are indefinite, there is a possibility 
that the elementary divisors are not simple. We consider this case 
for 4-spaces and it can be shown that the results are general. If 
one, or more, of the elementary divisors are multiple and real at 
a point P, a real coordinate system can be chosen for which at P 
the coefficients of the forms are of one of the following types.* 
Typo 1. 

fhi 1 ) Ou ~ 

ail “ ^12 ~ On ^^88 ^44 — 04^4? 

where the Ps are constants, all the other //’s and a’s being zero. 
The elementary divisors are {q - - QiY^ {q — ^s), — ^ 4 ). 

1°‘ On Os? 0 i i • The vectors given by (33.3) are 

( 0 , 1 , 0 , 0 ), ( 0 , 0 , 1 , 0 ). ( 0 , 0 , 0 , 1 ), 

of which the first is a null vector and the others are not. 

2°. (^3 = ^ 4 . The vectors are the first of the above, and any 
vector of the pencil determined by the last two. 

3'". 0i “ 08* The vectors are the last of the above and any 
vector determined by the first two. Any vector of the pencil is 
orthogonal to ( 0 , 1 , 0 , 0 ). 

4°. — ^8 ^ 4 - Any vector for which the first component 

is zero. 

Type 2. 

,<7 i 2 ~ 1? 9u — 1? 

an “ ki, ai 2 — Qif (lu ~ ksy 034 ~ 

The elementary divisors are (q — ^ 1 )*, (p— ^s)*- 

^1 + ^ 8 - The vectors are ( 0 , 1 , 0 , 0) and (0, 0, 0 , 1 ), and 
both are null vectors. 

2°. Any vector of the pencil detennined bv Ihft. 

vectors of the proceeding case. 


Cf. Bromwich^ 1906, 1, p. 46. 
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Tyj>e 3. , _ , 

ga — ' 

(X^f ~ Qij ^23 Ql^Sf ^44 Q^JCi, 

The elementary divisors are (^ — ^ 1 )“, 

1°- (>i +(? 4 * The vectors are (1, 0, 0, 0) and (0, 0, 0, 1), of 
which the first is a null vector 

2°. Any vector of the pencil determined by the pre- 

ceeding two. 

Type 4. 

g\z — 1 » ^»4 — 1 ? 

flfl2 Pl. «28 = 1' <*84 — Ql7 «44 ~ 


There is one elementary divisor (p— ^0^ and one vector fl. 0, 0, 0), 
which is a null vector. 

When two or more of the p’s are equal, the corresponding 
elementary divisors are said to have the same hose. 

Combining the results of this section and recalling that when 
the elementary divisors arc simple there are n of them, although 
some may have the same base, we have: 

The number of principal directions defined, by (33.3) is equal to 
the number of elementary divisors; when p{>l) of the divisors 
have the same base, the vectors corresponding to this base are any 
linear co^nbination of p independent vectors; to a divisor which is 
not simple there corresjmnds a null vector when the base is not the 
same as any other ^ and when it is the same as another' base one 
or more of the p vectors is a null vector, according as it is the base 
of one or more divisors which are not simple. 

Thus in case the divisors are simple there are n principal directions, 
and only in this case. 

If we write 


(33.13) 




the finite maxima and minima values of p at a point are given by 
the directions for which ^ = 0, tov j — I,---, n, that is, 


= 0 . 
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Hence we have: 

At a point the finite maxima and minima of q defined by (33.13) 
are given by the principal directions at the point 

If the fundamental form is definite, q is finite for all directions. 
If it is indefinite, q is infinite for all null directions, except those 
which are principal directions; this exception arises when the 
elementary divisors of (33.1) are not simple. 

34 . Geometrical interpretation of the Ricci tensor. The 
Ricci principal directions. Let lh\^ be the components of any 
unit vector, and for k = 1 ,. - n; it 4 " the components of 
n — 1 unit vectors forming an orthogonal ennuple with the given 
vector. The Rieinannian curvatui'e at a point for the orientation 
determined by and any vector lk\\ denoted by rhky is given 
by [cf. (25.9)] 

(34. 1 ) rjtk Ch Ck Rpqt's j ^ I ^ I ^k\ • 


Since the right-hand member of this equation is zero for k = h^ 
we assume that m “ 0 . 

In consequence of (29.5) we have 

(34.2) i'hk (^hl^pqr8^h\^ ^h\ ^ Ch Rij ^h\ • 


Hence ^ is the sum of the Riemannian curvatures determined 

by the vector h\^ and n — 1 mutually orthogonal non-null vectors 
orthogonal to it; moreover, from (34.2) it is seen that it is in- 
dependent of the choice of these n — 1 vectors. We denote it by qh 
and call it the mean curvature of the space for the direction 
This result is due to Ricci,* who gave this geometrical interpretation 
of the tensor which Einstein chose later as the basis of the general 
theory of relativity. 

If we write (34.2) in the form 


(34.3) 


Rjj X}i,\ 

gijh* 


1904, 2, p. 1234. 


8 
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we see (§ 33) that the finite maximum and minimum values of the 
mean curvature correspond to the principal directions determined 
by the Ricci tensor, that is, the directions given by 

(34.4) {Rij + Q9ij)^^ = 0. 

From (33.12) it follows that for these principal directions 

(34.5) Rij — — ^ehQhhi\i^h\j» 

We call these the Ricci principal directions of the space. 

A necessary and sufficient condition that the principal directions 
for a tensor ay be indeterminate is that Oij = ggy* In this case 
we say that the space is homog€nex)us with respect to the tensor Oij. 
We have at once: 

A necessary and sufficient condition that a space he homogeneous 
with respect to the Ricci tensor is that 

(34.6) Rij — Rfftjj 

that iSf that it he an Einstein space (cf. Ex. 2, p. 92). 

35. Condition that a congruence of an orthogonal 
ennuple be normal. By definition a congruence of curves in 
a Yn is normal when they are the orthogonal trajectories of a family 
of hypersurfaces /(a;\ . . = const. If dx^ are the components 

of any displacement in one of these hypersurfaces, then 

(36.1) 

Consequently if K\ are the components of a normal congruence 
of an ennuple, we must have 

( 35 . 2 ) = 

where is an invariant (§ 14), and from (35.1) it follows that / 
must be such that we have 

(/) = = 0 (A = 1, . . «-l). 


(85.3) 



35. Normal congmences 


115 


In order that these n — 1 equations may admit a solution 
which is not a constant, they must constitute a complete system. 
A necessary and sufficient condition is that 

(Xk, Xu)f = Xh Xk if) — X h Xk if) 

be a linear function of Xhif) for A, fc = 1, • ■ n — 1 (§ 23). Prom 
(35.3) we have, in consequence of (30.2), 

ZfcXfcC/) = hfiWfij-\-fiXk\\j) 


— ^k\ fij~\~fi'^j€iyjiCh.^l\ 



Since Xn \ ’ is not expressible linearly in terms of Xh \ * for A == 1 , • • •, n — 1 , 
is not expressible in terms of the X(/)’s. Hence: 

vSn 

A necessary and sufficient condition that the congruence An)* of 
an orthogonal ennnyle he normal is that 

(35.4) Ynhk = rnkh {hy /c = 1, • • n — 1). 

From (35.4), (30.2) and (30.15) we have: 

A necessary and sufficient condition that a geodesic congruence ^\i 
he normal is that Xn\ij he a symmetric tensor. 

Suppose that the conditions (35.4) are satisfied. Equating the 
expressions for/^* obtained from (35.2) and tor fji from/; 
we get 

/^, j Anlt + Anji j == . i ^nlJ + A* ^n\J, i • 

Multiplying by A^i*^ and summing for / we have, in consequence 
of (30.2) and (30.3), 

(35.6) — vXn^i—^eiybmXi\i, >' == i»i'' g^log/*. 


8 * 
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Expressing the condition of integrability of these equations, we 
obtain 

Multiplying by A,>| * and summing for ^ and j, we have for the 
determination of v the equations 

(35.6) en + V Yhnn + ^ ei Yinn {Ylhn — YlnJ^ ~-= 0 

OSh 9Sn I 

(/i, Z = 1, • • •, n — 1). 

Multiplying the above equation by and summing for i 

andy we have, in consequence of (35.4), the identities 

(35.7) + 2^1 Ylnn (Ylhk ~ Ylkh) ~ 0 
OSk OSh I 

(hf k,l ~ 1, • • •, — 1). 

We consider, in particular, the case when ihe congruence ^ni* is 
normal to a family of hypersurfaces / const., where / is a 
solution of the differential equation 

(35.8) 9^V.ij=0. 

These have been called isothermic hypersurfaces by Ricci and 
Levi-Civita* and are an immediate generalization of isothermic 
surfaces as defined by Lame.t 
From (35.2) and (35.8) we have 

9^f,ij = H'^ehekYnhkXh\iXk\j) 

h,k 

= +l*^ehrtMi — 0 . 

Prom this equation it follows that v in (35.5) has the value 
— ^^hYrMi iu this case, and consequently 

(35.9) e» = ^^^Ynhk^\i Yhnn ifclt (A = 1 , • • • , TC — 1). 


* 1901, 1, p. 162. 
tl867, 1, p.l. 
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Conversely, if the expression on the right is the component of 
a gradient, the function / defined by (35.2) satisfies (35.8). Hence: 

A necessary and sufficient condition that a congruence Xn\i he 
normal to a family of isothermic hypersurfaces is that (35:4) he 
satisfied and the right-hand member of (35.9) he the component of 
a gradient 

36. iV-tuply orthogonal systems of hypersurfaces. From 
the definition of an w-tuply orthogonal system of hypersurfaces in 
§ 15 it follows that the curves of intersection of these hypersurfaces 
form an ennuple of mutually orthogonal normal congruences. As 
there considered the coordinates a?* are such that the congruences 
are the parametric curves. When the coordinates are general, we are 
able to find the condition that all the congruences of an orthogonal 
ennuple be normal by remarking that in this case, as follows from 
(35.4), we must have 

Yhki = Yhik {hykyl 1, . . . . n\ A, k^l^). 
By means of equations of this form and the identities (30.3) we have 
Yhkl — Yhlk -- - Ylhk = — Ylkh =~ Yklh “ Ykhl = — Yhklf 

that is, Yhkl ~ 0. Hence: 

. A necessary and sufficient condition that the congruences of an 
orthogonal ennuple he normal is 

(36.1) Yhkl = 0 {h, k,I = 1, . . • , n; k, I 4=).’*' 

As remarked in § 15 such an ennuple does not exist in a general 7n. 
The conditions, in general form, which a Vn must satisfy in order 
that such an ennuple exist are to be found by a consideration of 
the equations which the components of the ennuple and the 
invariants Yhkk must satisfy in this case. From (30.6) and (30.7), 
when (36.1) hold, we have 

[36.2) A/ Api' iri* = 0 (/, J>, r 4 ), 

[3b.3) 6p ytpp /rpp ^ryirrVrppi 

C Sf 

* Cf. Ricci and Levi-dvitc, 1901, 1, p. 151. 
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h'' 

~ ds^ 9 ^ * 

Since the left-hand member of (36.3) is unaltered when I and r are 
interchanged, we must have 

(36.5) — ^/r t P - erYlrrYrpp = 0, 

0 Sr 0 Si 

which is the form of (35.7) for the present case. 

The characterization in invariant form of a Vn admitting an 
orthogonal ennuple of normal congruences is obtained by expressing 
the condition that equations (36.2), (36.3), (36.4), (30.2) and 

QiJ ^h\ ~ (ih 0 ffij '^kif 0 {h ^ k) 

possess a solution in the quantities h\^ and the n(n~ 1) 
quantities Yfooe- 

By means of the above theorem we are able to prove the 
following theorem: 

If a tensor Oij is such that the roots of (33.1) are simple^ 
a necessary and sufficient condition that the principal congruences 
determined by Oij he normal is that the components of the^e con- 
gruences, as given by (33.3), satisfy the equations 

(36.6) “0 {Kl,m — • ,n \ h, I, m ^ ). 

In fact, if we differentiate the first of (33.10) covariantly with 
respect to we have in consequence of (30.2), (30.3) and (33.10) 


<^ij, k ^h\ ^ -{-2^ yihp ^p\k ~ 0 . 

P 

Multiplying by A^ii^^-and summing for k, we obtain 

W^mi* = {eh — {n)rhim (h 4- 0> 

from which we obtain the theorem.* 

* For a discussion of the case where the roots of (33.1) are not simple see 
Eisenhart, 1923, 6, pp. 263-280. 
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Proceeding in like manner with the second of (33.10), we obtain 


(36.8) (H},k == “ ^~d^' 

We observe that (36.7) and (36.8) hold whether the roots of (33.1) 
be simple or not. 

37 . iV-tuply orthogonal systems of hypersurfaces in 
a space conformal to a fiat space. When the congruences 
of a normal orthogonal ennuple are taken as parametric and we put 

(37.1) 9ii = e,Hl g,j=0, 9" = -^, 9^ = 0 (i ^ 
the functions Hi being defined by these equations, we have 

(37.2) w> =0 (« + j). 

Hi 

From (30.1) and (15.7) we have 

(37.3) flfa l5’ 


When expressions of this form are substituted in equations of the 
form (36.2), (36.3) and (36.4), we obtain 


(37.4) 


Hhijk 
Hhiik 

Hhiih == 


0 

eiHi 




/ 3'H^ 

dHi 

a logif;, 

dHi 

9 logfifc' 

\9a:^9(r^ 

“ aa* 

act* 

dcc^ 

aa* , 




^ dll dHi\, d l 1 dHh\ 

r \ Hh I dJd‘ 3xij 

dHh aa ] 
Hi 


where I is summed over the values 1 , • • •, w except h and i. These 
equations follow directly also from (15.8) by means of (37.1). 
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We introduce with Darboux* the functions defined by 


(37.6) »u = 0, = ;^ 1 ^ 

If the Vn is an Sn equations (37.4) become in this notation 

(37. C) — ^hkfikt = 0, 

A/i A/ = 0 (kj iy 1{ + ). 

Let y* be the generalized cartesian coordinates of the Sn in 
terms of which the fundamental form is 


(37.7) 


= CydyUlijJ, 


where ca are plus or minus one and vy — 0 (? 4^ j). If are 
the components in the y's of the vector in the r’s, we have 
from the equations 


and (37.2) 
(37.8) 


y..* - 


_ rr y i 


For the present case equations (7.14) become 

I n 

dx^ da'^ dx^ Ijk I g' 

Substituting from (37.8) and making use of (15.7), we obtain 

(37.9) ^ = fijk ^ = -Zejeifiv iV (k + j). 
From (37,8), (37.1) and equations of the form (7.10) we have 

(37.10) CijY^'Yn^ = eu, 

• 1898, 1, p. 161. 
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where 

(37.11) ejek = eky ejd = 0 (fc :j: i). 

If the functions /Sjk satisfy the conditions (37.6), equations (37.9) 
are completely integrable. Moreover it can be shown that any 
n sets of solutions satisfy the conditions 

Cij Yk* = const. 

Hence if we take any orthogonal ennuple of unit vectors at a 
point, there corresponds a solution of (37.9) satisfying (37.10) and 

(37.11) , and having the given values at the point. If then there 

exists a set of functions Hi for which the right-hand members of 
(37.4) vanish, and consequently (37.5) and (37.6) are satisfied, 
there exist solutions of (37.9) defining an orthogonal ennuple in 
Sn determined by an arbitrary orthogonal ennuple at a point. 
Then by quadratures from (37.8) we can find the equations 
yi =r - t^) defining an w-tuply orthogonal family of 

hypersurfaces = const, for which the fundamental tensor is 
given by (37.1). 

The proof of the existence and generality of solutions of 
equations (37.6) has been given by Bianchi*. He has shown also 
that the solution of equations (37,5) for a given set of functions 
fiij involves n arbitrary functions, each of a single x. Hence we 
have: 

In a flat space of n dimensions any orthogonal ennuple of non- 
null directions at a point are tangent to the curves of intersection 
of the hypersurfaces of an n-tuply orthogonal system. 

As a corollary we have: 

If a Vn is conformal to a flat space, there exists an n-tuply 
orthogonal system of hyper surfaces whose curves of intersection have 
a given orientation at a pointi 

We shall obtain a characteristic property of any Vn (w > 3) con- 
formal to an 8n^ We have from (28.17) that for any orthogonal 
ennuple in such a Vn 

♦ 1924, 3, pp. 625-629. 

t Because of the generality of the functions and satisfying (37.5) and 
(37.6) it is eyident that the n-tuply orthogonal system is not uniquely determined 
by the giyen orientation. 
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(37.12) Ehiik 1,1* K{‘ I** = 0 (p,q,r,8i), 

that is [Cf. (30.6)], 

(37.13) rpqrs = 0 (j>, 3, s +). 


We seek conversely the condition that (37.13) hold for every 
orthogonal ennuple. To this end we put 


(37.14) 


— ep alp\^ eqhlqi^ j 

Sr C ^r\ “ 1 “ ^ 8 \ ) 

- -dXri^+cX,^\ 


Expressing the condition that tafiyS = ^ every a, 6, c and df 
we get 


(37.15) 


Sp Yspnr Sq Yaqqr — ‘ 0 , 

SpCrYrppt SrSqYrqqr SpSsYspp8~VSqSsY8qqs 0 {^py Vy )• 


From the first of (37.15) we have 

(37.16) SpYsppr — 2 ^ f^qYsqqr^ 

In consequence of (29.5) we have from (30.6) 

(37.17) Z^q Ysqqr - Uhijic ^ 

Q 

SO that (37.16) becomes 

(37.18^ ep AW V l.l'‘ lr|^ 

tl A 

If we write the second of (37,15) in the form 
(37.19) ep^ Sp^ ^PiPtPtPi 

= % ypiPtPtPy'^^^Pt ypiP*P4P% ^9 % yptPiPiPty 
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we can obtain n — 3 other expressions for the term on the left 
by replacing j>z and p 4 on the right by the respective pairs 
P6fP6\ •••; Vn-h Pn\ Pnj Pzj where PhP 2 y--,Pn is some 
permutation of the integers 1, • * n. Adding together these n — 2 
equations and adding 2ep^ ep^ Yp^p^v^p^ to both sides of the resulting 
equation, we have in consequence of (37.17) 


(37.20) 


Yp^p^p^p^ — ^hk (ep^ ^p^\ ) 


(^p* rpjp^p^p, + hep^ Sp^ YPnPiihv) • 


If we add to this the n — 1 equations obtained by permuting 
the p’s cyclicly in the sequence pi, 2 > 2 , • • •, Pn, the resulting equation 
is reducible by means of (29.5) to 

nP{ep^ ep^ Yp^p^7i^p^^ “ (^ Pi^Pi ^p, ^'PiPsPsPi)’ 

where P( ) indicates the sum of the n terms obtained by the 
process indicated above. Hence 


(37.21) 


(n’-l)P(ep^ep^rp,p,p,p,) = P- 


The last expression in (37.20) is equal to 

P (^Pi Y p, Ps p, p^ ) Cp^ Yp^ p- Pj P i ^P,P, Y P, Pj Pj P, 

^Pn ? PnPi Pi Pn+ ^Pn ^Pt Y p^p^ P.P^ • 

In consequence of an equation of the form (37.19) the last three 
terms of this expression are equal to — ^p^ ^'p^ ^PiP,PsP,* Hence 
(37.20) can be written 

(37.22) (n 2) ep^ep^Rhijk ^p^\ ^p^\ ^Pji’^ ^'-Pil 

== Rhk (^pj ^pj Apji + Cpj Xp^j l,p,, ) • 

Consider now any point P in Fn and choose the coordinate 
system so that at P gu^Ci, gij = ^ (*+j')* The tangents to 
the parametric curves at P are mutually orthogonal, and the 
components of the unit vectors in these directions are == d}* 
(/i, i = 1, . . . , w) . From (37.12), (37.18) and (37.22) we have at P 
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Bhfjk = 

BhOh = 


0 , 

1 

n — 2 


BhiHc 


1 

n — 2 


(fih Bii + ei Bhh) 


€i Bhk (hf ^ 4 ^ ) > 

ejehB 

(n~l)(w-2)- 


From ('28.17) it follows that at P all the components of the con- 
formal tensor are zero. Since P is any point, we have: 

A necessary and sufficient condition that (37.12) he satisfied for 
every orthogonal ennuple in aF»(n>3) is that theVn he conformal 
to an Sn* 

Exercises. 

1 . If is any function of the x% the coefficients of p"”*, • • •. p and (>® 

in the determinant equation 1 I = 0 are invariants of degrees 1 , • • •, n 

respectively in the second derivatives of 9 ; the first of these is 

Ricci and Lem*Civita^ 1901, 1 , p. 164. 

2. Show that equations (33.3) can be written in any of the forms 

= 0 , = 0 , = 0 . 

where a/ and are associate to by means of g^^, 

3. If in accordance with (29.7) the components of a symmetric tensor are 
expressed in the form 

% = 2 
r> • 

a necessary and sufficient condition that the orthogonal ennuple consist of 
the principal directions determined by is that = 0 (r s) . 

4. If there exists for a a symmetric tensor other than whose first 
covariant derivative is zero and the corresponding equation (33.1) has simple 
elementary divisors, then the roots of this equation are constant. 

Eisenhartj 1923, 5, p. 299. 

5. If and are the components of congruences determined by different 
roots in Ex. 4, then = 0 for 1 = 1, • • •. n. Show also that if Ijj*, • • •, are 
components of mutually orthogonal congruences corresponding to a multiple root 
of order m, then the equations 

V'^ = ® — ”‘+i> •••>“) 

are completely integrable. Emnhart, 1928, 5, p. 800. 

6 . If for A , i = 1 , • • ■ , n are the components of n mutually orthogonal 
normal congruences and 

I' = aA„‘+6V 


Sckouten, 1924, 1, p. 170. 
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are the components of a normal congruence, so also are 

I* = 

Schouten^ 1924, 1, p. 213. 

7. n are the components of an orthogonal ennuple, a necessary and suffi- 
cient conation that the equations 




form a complete system is that 


= 0 

(k = P+1, n) 

= 0 

/ j = i, \ 

H,k = p + l,...,n/ 


In particular, if the congruences for y = 1, • * *, p are normal, these conditions 
are satisfied. 


38 . Congruences canonical with respect to a given con- 
gruence. In § 13 we showed that there are co(n-i){n- 2 )i 2 
n — 1 mutually orthogonal congruences orthogonal to a given non- 
null congruence. In this section we define a particular set of n — 1 
such congruences which was discovered by Ricci,* and called by 
him the congruences canonical with respect to the given congruence. 
Let Init be the components of the given congruence and put 

(38.1) Xii = 


We consider the system of n + 1 equations in the w + 1 quantities 
(i == 1 , • ‘ n) and g 


(38.2) 


= 0 , 

{Xij— oi>gij)l^ + qK\j = 0 , 


of which the determinant equation is 



Xn — (logn • • 

• Xin — «.^ln 

^n\l 

(38.3) 4(<») = 

Xin — f^gin • • 

• Xnn — ^gnn 

^n\n 


^n|l 

^n\n 

0 


If the rank of this determinant is n — r + 1, « is an r-tupleroot 
in accordance with the general algebraic conditions for a multiple 
root. 

* 1895, 1, p. 301; also Ekd and LevuCivita^ 1901, 1, p. 154. 
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We shall show conversely that the rank of A is n — r + 1 for 
an r-tuple root of (38.3), when the fundamental form of Vn is definite. 
To this end we choose a coordinate system so that at a point P 
0 and Xn\i = 0 for i = 2, • • • , w. At P we have 

0 1 0 0 

1 Xii — Xn • • * Xin 

0 Xl2 


0 Xin Xnn 0) gnn 

X22 ff‘22 • * • X2n W g2n 


A2;# * • * Xin ^(fnn 

Since by hypothesis the fundamental form of 1 » is definite, so also 
is the form dvc^ for a, /? = 2, n. From the second 

form of A in (38.4) it follows (§ 33) that the roots w are real and 
that for an r-tuple root the rank of this form is n — r — 1, and 
for the first form of A in (38.4) the rank is n — r + 1? as was to 
be proved. If the fundamental form is indefinite and XijdxUix^ 
is definite, the same argument applies. 

In consequence of this result, it follows that for a simple root 
equations (38.2) define a unique congruence orthogonal to ln\, and 
for an r-tuple root oo ^ congruences the components of any one of 
which are expressible linearly in terms of the components of r 
mutually orthogonal congiuences orthogonal to ln\ (cf. § 33). Let 
ton and be two different roots of (38.3) and denote by and h\ 
the components of congruences corresponding to these roots. In 
this case from the second of (38.2) we have 

(38.5) {Xij wh gij) ^h\ “1“ Qh ^\j — 0 . 

Multiplying by Xkf and summing for j, we have 

(Xii — gii) ^h\ = 0 . 



A =- 

(38.4J 
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Interchanging h and k and subtracting the resulting equation from 
the former, we obtain 

(38.6) giih\h\^ = 0, XiiXH\h/ = 0 


Consequently, the congruences corresponding to two different roots 
of (38.3) are orthogonal to one another. Hence: 

When either the fundamental form ofVn or the form Xjjda^dxi 
is definite^ the roots of (38.3) are real and equations (38.2) define 
n — 1 mutually orthogonal real congruences orthogonal to the given 
congruence the congruences corresponding to a multiple root 
are not uniquely determined*. 

We have also the following theorem: 

Whefu neither the fundamental fm^m of Vn nor the form Xy da^ dxl 
is definite, a necessary and sfuffident condition that eqiiations (38.2) 
define n — 1 mutually orthogonal real congruences orthogonal to a 
given congruence is that the roots of (38.3) he real and the rank 
of A he n — r-fl for an r-tuple root 

The congruences so defined are said to be canonical with respect 
to the given congruence. When we take them and Xn\^ for an 
orthogonal ennuple and apply (30.2) to the definition (38.1) of 
Xij, equations (38.5) become 


(38.7) 


2 


iynhm Ynfnh) ^m\j ^h\j Qh ^n\J — 0 . 

m 


Multiplying by Ik/ tor k^ h, ki^n and summing for j, we get 


(38.8) rnhk-{-rnkh = 0 {h,k == I,***, n~ 1; h^k). 

From (38.7) follow also 

(38.9) Wh = eh Ynhkf Qh = ~2 Yhnn* 


Conversely, if (38.8) are satisfied, the n — 1 congruences of com- 
ponents h\* for h = I,---, n — 1 are canonical with respect to 
Ani*. Hence: 

* JUcei, 1895, 1, p. 302; Bicd and Levi-Civita, 1901, 1, p. 155. 
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A necessary a'nd sufficient condition that the congruences Xh\* for 
h = n — (f orthogonal ennuple he canonical ivith 

respect to the congruence is that (38.8) he satisfied. 

Prom (38,8) and (35.4) follows the theorem: 

A necessary and sufficient condition that n — 1 non-null mutually 
orthogonal congruences Xh\^ for h = I,-**? n — 1 orthogonal to a 
normal congruence he canonical mth respect to the latter is that 

(38.10) Yniuc =- 0 {}i,lc = 1..... H — UhiFk), 

As a corollary we have: 

When a space Fn admits an orthogonal ennuple of normal con- 
gruences, any n — 1 of these congruences is canonical with respect 
to the other one, 

39 . Spaces for which the equations of geodesics admit 
a first integral. If each integral of the equations (17.8) of the 
geodesics of a space satisfies the condition 

(39.1) = const., 

the equations (17.8) are said to admit a first integral of the wth 
order. From the form of (39.1) it is seen that there is no loss 
of generality in assuming that the tensor Ur^.. is symmetric in 
all the subscripts. If we differentiate (39.1) covariantly with 

d 

respect to multiply by sum for k and make use of the 

equations of the geodesics in the form (17.11), we obtain 

dof^ dx^^ da^ 

^g ^g 

Since the equation must be satisfied identically (otherwise we 
should have the solutions of (17.8) satisfying a differential equation 
of the first order), we must have 

(39.2) P(ar,....^,fc) = 0, 

where P indicates the sum of the m + 1 terms obtained by per- 
muting the subscripts cyclically. 
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In particular, if (39.1) is of the first order, that is, 

doc^ 

(39.3) ^^~ds ~ 

the condition (39.2) is 

(39.4) rt/j + aj.i 0. 

The question of integrals of the fii'st order is considered in § 71. 

In this section we are interested primarily in the case when (39.1 ) 
is quadratic, that is, 

(39.5) ^1017^ 
for which the condition (39.2) is 

(39.6) ((ijjc + cijk,i + a/dj = 0. 

We consider the case when Oij are such that the elementary 
divisors of (33.1) are simple, and make use of the orthogonal 
ennuple defined by (33.3). We observe fui’thermore that equations (39.6) 
are equivalent to the equations 

(39.7) {aijjc + ajkj + (ikij) ^p \ * = 0 (i?, g, r = 1, . . w) , 

since the determinant of the A’s is not zero. By means of (36.7) 
and (36.8), according as p, q, r ^ , p = q ^ r and p = q = r, 
equations (39.7) become 

(39.8) (Qp Qq) Yp(i,-\- {Qq ('r) Y grj)“l“(^r Y rpq = 0 {p, q^T 

(39.9) Cj, + 2 (e, — Qp) Yqpp = 0 (i) + g) , 

(39.10) U-O, 

Conversely, when equations (39.8), (39.9) and (39.10) are satis- 
fied, then ay defined by (33.12) satisfy the conditions (39.6). The 
problem of finding all VnS admitting a quadratic integi*al consists 
in finding a tensor gij and an orthogonal ennuple lh\^ for which 
the coefficients of rotation Ypqr and satisfy the conditions 


9 
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obtained by the elimination of the ^’s from (39.8), (39.9) and (39.10). 
The general solution has not been obtained, but we shall consider 
two particular solutions of the problem. 

If all the ^’s are equal, equations (39.8) are satisfied identically, 
and from (39.9) and (39.10) it follows that the common value of 
the ^’s is constant. Then from (33.12) and (29.3) we have cnj = 

This is the result obtained in § 17, namely, that (17.9) is a quadratic 
first integral of the equations of the geodesics. 

If we assume that all of the ^’s are diterent and the principal 
congruences determined by an are normal, it follows from (36.1) 
that (39.8) are satisfied identically. When we take the normal 
congruences for the parametric curves, and make use of (37.1), 
(37.2) and (37.3), we have from (39.10) that Qt is independent 
of and from (39.9) that Hf/igi — Qj) is independent of x-f. 

A solution of this problem has been given by Stackel* as follows: 
Let <fij for = 1 , • . w be arbitrary functions of alone such 
that the determinant <Z> of these n* functions ftj is not zero. If 
is the cofactor of fij in divided by <1>, then 


(39.11) 



= ^r 


for a given value of k different from 1 satisfy the conditions 
above stated. From (33.12) and (37.2) we have 


(39.12) Oii — OiQiHi — a > Otj —O (* 4^i). 

Since k can take the values 2, ■■■, n, there are n — 1 quadratic 
first integrals other than the fundamental form. 

We recall that the conditions of the problem are that the p’s 
be different, that be independent of sr^ and that 


~ (pi— ei) = ••• =/»-it(e< — e,_i) 

^0*7. Joj J* f \ 

Ct-fl) * ' ' fni Qn)f 

where /« is a function independent of a* for i,k — l,...,n-,i4k. 
From (39.13) for a given i and from 


* 1893, 1, p. 486. 
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Hj = fijisj — fi) = . . . = fj-ij(gj — gj-i) 

(39.14) _ ^ ^ 

* * • — fnj {QJ Qn) 

for a given we get pairs of equations of the form 


Jji _ (ft Q k fij _ Qj Qk 

fki Qi Qj ^ fkj Qj 

from which follows 




(39.15) 


fkifkj 


Again eliminating (gi — gj) from (39.13) and (39.14), we obtain 
Hi fij Hj fji “ 0 . Keplacing ; by jjk and A*, ^ respectively 
and eliminating Hi^Uf and iffc, we get 

(39.16) = 

Jik Jji JkJ 

The problem reduces to the solution of these two sets of functional 
equations. Di Pirro’^ has shown that (39.11) and (39.12) give the 
general solution of the problem for n == 3. 

40 . Spaces with corresponding geodesics. From equations 
(17.7) it follows that the equations of the geodesics in a space Yn 
in tenns of any parameter t are 

dx^ d^x^ 

IT ~dT It TT 

(40.1) I /i ^ I i ^ dxf dx”^ ^ 

^\lZml dt \lmi dt I dt dt 

If Vn is a second space with the fundamental form 


(40.2) 


y “ gijdx^dx^, 


the equations of its geodesics are analogous to (40.1), and are 
obtained by replacing (40.1) by the Christoff el symbols 

’*‘1896, 1, pp. 318-322; he states without proof that the same is true for 
any n and considers also the case when the roots are not simple. The reader 
is referred to this paper and to Levi-Civiia^ 1896, 2, p. 292. 


9 * 
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I / I formed with respect to (40.2). In order that eveiy set of 

\l m) __ 

solutions of (40.1) define a geodesic in F„, the equations 



j ] j j )\ docf' dx'^ 

I m] \l ml/ dt J dt df 


must be satisfied identically. 

If_we subtract equations (8.1) from the corresponding equations 
for Vn, the resulting equations may be written 





dxJ 

dx^ 

/ dT'f‘ 

dx'” 

dx^ 


Hence if we put 
(40.6) 


j - 1 


\7J 


I \ 




u'' 


the quantities are the components of a tensor^ symmetric in 
i and^‘. 

When the expressions (40.5) are substituted in (40.3), the latter 
can be written 


(Haim — 


4 a'^lm) 


doc^ dx^ dx'^^ 
dt dt dt 


-- 0. 


Since these equations must be satisfied identically (cf. § 39), we 
must have 

H a\m + H ttrnk + a\i 6% a\m “f- a'^rnlc + ^m a\l . 

Contracting for j and wi, we get 

a\i = dk fi+d\ ipu, 

where tpi is the vector a'^ij/(n + 1). Hence in order that equations 
(40.3) be satisfied identically, it is necessary and sufficient that 


(40.6) 


{/;■( ^ + + 
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where tpi are the components of a vector.* If now we contract 
for I and j we have in consequence of (7.9) 

(40.7) = + + 

where g — Hence tpi is the gradient of a function yj, that 
is, V'.M since gig is an invariant. 

Expressing the condition that the covariant derivative of ^ with 
r^pect to xj and the form (40.2) is zero, and replacing the symbols 

by their expressions (40.6), we get the following equations 
equivalent to (40.6): 

(40.8) oikj = 2yifc y^j+gjk + 

where gikj is the covariant derivative of gm with respect to and 
the fundamental tensor ^(/. The conditions of integrability (11.15) 
of these equations are reducible to 

(40.9) gmk -K iji gim R kji g^j y^ki gu y^kj "f* gkj y^ii gki y^ij , 
where we have put 

(40.10) y>ij = f.u— 

If we denote by R^ai the Riemann tensor for gij, we have 
from (40.6) and (8.3) 

(40.11) = R^iji+ dT yJij- dT tpii. 

From the^e equations it follows that (40.9) is equivalent to the 
identity Riaji+Rikji == 0. 

When Vn is of constant curvature JK'o, we have from (27.1) 

(40.12) - Ko idfgu- dTga). 

In this case (40.9) and (40.11) reduce respectively to 

. ^jkAii — gkiAij+gijAki — guAjk = 0, 

Rh\ji = JkjAii — ghiAijf 

* Of. Weyl^ 1921, 4, p. 100; also Eisenhart, 1922, 6, p. 234 and Vehlm^ 1922. 
7, p. 849. 
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where 

(40.14) Aij = Kogij— 

Multiplying the first of (40.13) by and summing for j and k, 
we find that 

(40.15) Aij = qgij, 

where q is an invariant. Hence the second of (40.13) becomes 
Rhiji = Q (ghj ^i^ghi gij) and from § 26 it follows that ^ is a 
constant and Vn also is a space of constant curvature. Hence we 
have the theorem of Beltrami:'*' 

The only spaces whose geodesics correspond to the geodesics of a 
space of constant curvature are spaces of constant curvature. 

From (40.8), (40.10), (40.14) and (40.15) we have for ^ + 0 

(40.16) tp^ikj == 2 (ipj — 4i//,t y\k 

— Zo (2gik ^^j + gjk ^,1+gtj V\fc)- 


In consequence of (40.12) the conditions of integrability (11.15) 
of (40.16) are of the form 

(40.17) ^,ikj = Ko i}pjgik gii)f 

which are satisfied identically by (40.16). 

For ^ = 0 we have from (40.15), (40.14) and (40.10) 

(40.18) -= ^,ii(\j+Kogy, 

which are readily shown to satisfy the conditions (40.17). Hence 
according as we have a solution ip of (40.16) or (40.18) we can 
find a space of constant curvature different from or equal to zero 
with geodesics corresponding to those of F„. In the former case 
gij is given directly by (40.15) and in the latter by the solution 
of (40.8). 

When Q in (40.15) is Ko, Vn has the same curvature as F,. 
From the considerations of § 27 we may think of (40.15) and 
(40.14) for a given solution of (40.16) as defining a correspondence 
of Vn with itself such that geodesics correspond. 

* 1868, 1, p. 232; also Stjniik, 1922, 8, p. 140 and Schouten, 1924, 1, p. 204. 
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Contracting (40.11) for m and Z, we have 

(40.19) ^ = i2^ + (n— l)V/</. 

If the expressions for V'v (40.19) are substituted in (40.11), 
we find that 

w\jic = TT'vfc, 

where 

(40.20) TTV = .B'vfc— — 


This tensor was discovered by Weyl* and called by him the 
protective curvature iensor. 

In order that the components of be zero, in which case 
Weyl calls T n a projective plane space, it is necessary and suf- 
ficient that 

(40.21) Rlyk = ffjl 

Since we must have Etyk = 0, we find that for n > 2 




and consequently Vn is of constant curvaturet. 

41 . Certain spaces with corresponding geodesics. We 
return to the consideration of equations (40.8). If we put 
ip ==z the equations become 

(41.1) 2figtKj + 2gtk^^,j + gjkH'.t + gjif^,k = 0, 
and from (40.7) we have 

(41.2) ^ = C(4) 

where C is an arbitrarj' constant. 


* 1921, 4, p. 101. 

tOf. IFeyl, 1921,4, p. 110. 
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We assume that the elementary divisors of 
(41.3) \9ij—Q9ij\ = 0 

are simple and denote by the components of the orthogonal 
ennuple defined by equations of the form (33.3). Equations (41.1) 
are equivalent to the system obtained by multiplying (41.1) by 
and summing for j and 7^, for j?, g, r = 1, • • •, n 
(cf. § 39). According as we take :p, q, r p = q = r 

and = q = r, these equations are reducible by means of equations 
analogous to (36.7) and (36.8) to the respective equations 

{Qp—Q^rpqr = 0 {p, q, r 

0 

= 0 (p + (7), 

Qq) Ypqq “h 0 Qq = 0 (P 4^ (7)r 

^(.*..) 0. 


We consider the case when the roots of (41.3) are simple.* 
From the first of (41.4) it follows that Ypqr^ 0 for p,g, 
and consequently the principal congruences are normal [cf. (36.1)]. 
If we choose these curves as parametric, equations (41.4) reduce, 
in consequence of (37.1) (37.2) and (37.3), to 


iP'Ri) 


(41.5) 


2(^1 — (> j ) 


dxJ 

8 log Hi , 8e 


dxJ 


dxJ 

— r (llf* p.) 

dx^ 


0, 

0, 

0. 


(i + f)y 


From the first of these equations we have 
(41.6) =z 

9i 


* Thi8_ case and the case of multiple roots when the fundamental forms of 
and are definite have been treated by Lem^Civita^ 1896, 2, pp. 255-300. 
We refer the reader to this paper for the case of multiple roots. 
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where is a function of of alone, and from the third and (41.6) 
that is independent of of. Hence 

(41.7) = <"91 9 n , 


where c is an arbitrary constant. From (41.6) and (41.7) it follows 
that the second of (41.5) become.s 


(41.8) 


9 log Hi 

dx^ 


dxf 


log (sp;— SPt). 


Hence if lYj{(pj — (pi) denotes the product of the factors (yy — y,) 
for “ 1, n 0 * 4 ^ 2 ), we have that — (pi) is at 

most a function of alone. Consequently the coordinates x^ can 
be chosen so that, in consequence of (37.1), 

(41.9) gn etHt ei\llj(^j—(pt)l g,j == 0. 

These expressions for Hi are not changed if we replace 5 Pt by 
(pt-\- a, where a is an arbitrary constant, for i == 1 , . . . , w. Then 
from (33.12), (41.6), (41.7) and (37.2) we have 


(41.10) gn - 
If we put 


c(sPi+ a) • • • (yn+ a) (pi'+a ^ ' 

9v 0. 

ffijf 


from (41.1) it follows that aij satisfies the condition (39.6). Con- 
sequently 


(41.11) 



I 


n 

Bi (yi + ^t) • • • (SPi—l + flt) (SPi+l + ct) • • * 


• • • (9>n+ «)n;(yj— 9i) 


= const. 


is a first integral of tlie equations of the geodesics of Vn with the 
fundamental tensor gij. Since (41.11) must be a quadratic first 
integral whatever be a and the left-hand member is a polynomial 
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of degree n — 1 in a a, it follows that the equations of the geo- 
desics admit n distinct quadratic first integrals.* 

In the case just considered corresponding parametric hypersurfaces 
of Vn and Vn are w-tuply orthogonal. We shall obtain other solutions 
satisfying this condition. From (15.7) and (40.6) in which ipi is 
replaced by the gradient of — ilog/it we have the following set 
of conditions: 


(41.12) 


gjj dxJ 


1 9 ga 
gjj dxJ 


= -^log 


S^ii 




(* 

O' + 


We consider first the case when every ffu is a function of all 
the coordinates. Expressing the condition of integrability of the 
last two of (41.12), we find that f* must be of the form (41.7), 
and then from these equations we have 


(41.13) 

9>i/* 

to within negligible constant factors. Then from the first of (41.12) 
we have 

Comparing this equation with (41.8), we obtain equations (41.9) 
and (41.10). 

Suppose now that for « = 1, . • . , jn are independent of for 
o — w + 1, • • • , n, then from the first of (41.12) it follows that 
are independent of x’’. Proceeding as before, we find 

(41.14) /t==c9Pi 92- Sfeo = e«in^(9)^— 5P„)|, = 

(a, fi = 1, . . ., m). 


* Cf. Levi-Oivita, 1896, 2, p. 287. 
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For the other ff's we have from the first of (41.12) an^ (41.14) 


(41.15) 


1 ^ Qua 

dx^ daf^ ^ 

1 ^ Qaa 1 9 Qaa 

9tt 9 Qrr 9 


(tf, T = »i+l, •••, n; T 4: a), 


and from the second and third of (41.12) we have ^<w= ca^. 

From the second of (41.15) it follows that all the constants ca must 
be equal, say 1/c. Then from the first of (41.15) we have 


Hence 

(41.16) 


9l0ga<rtf 9 1 / \ 


1,* • •,?» 

gaa= (ya— c)/<r 


(ff = Wt+1, 


where fa are arbitrary functions of • • • , a?*. 

From these results the general form (40.2) is obtained similarly 
to (41.10) by replacing sp,- by yt+o in the expression for /». 


Exercises. 

1. Solve equations ^0.8) for the case where is of constant Eiemannian 

curvature and is a flat space. 

2. Determine solutions of (41.12) other than those given in § 41. 

3. Show that if are the components of a geodesic congruence, then 

and consequently the determinant I is zero. 

4. If are the components of a geodesic congruence, the congruences can* 
onical wiUi respect to it are given by [Of. (38.2)] 

= 0 . 

In particular, the congruence satisfies this equation for w = 0. 

Ricci^ 1895, 1, p. 304. 

5. If are the components of an orthogonal ennnple in a a necessary 
and sufficient condition that the congruence of components f^. = be geodesic 
is that the invariants a* satisfy the equations 

k 1 i .• i 


fiicct, 1924, 6. 
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6 . A necessary and sufficient condition that the congruences for 
= 1. • • n — il: of an orthogonal ennuple be normal to oo"”"* sub^spaces is that 


y = y (a = 1, • • H — k; <r^T = n — /c -f- 1 , • • •, n). 

Levy, 1925, 8, p. 41. 

7. If every set of n — k congruences of an orthogonal ennuple are normal 
to oo»-* sub-spaces then all the congruences of the ennuple are normal. 

Levy, 1925, 8, p. 42. 

8 . If is a multiple root of order wi of equation (33.1) and all the elementary' 
divisors of this equation are simple, in order that m mutually orthogonal con- 
gruences corresponding to be normal, it is necessary that any m independent 
congruences A^j* for r =1, •••,»» corresponding to this root and any n -— jw 
independent congruences corresponding to the other roots satisfy the equations 




1, m;\ 

i-j-l, • • •, ni 


■ m+l, 

JEisenhart, 1923, 6, p. 265. 

9. if the roots of equation (33.1) are simple or double and the elementary 

divisors are simple, a necessary and sufficient condition that there exist a normal 
orthogonal ennuple whose components satisfy (33.3) is that any orthogonal ennuple 
satisfying (33.3) shall satisfy (36.1) and (36.6) in which h and k, h and I respect- 
ively do not correspond to the same root, that the equations of Ex. 8 be satis- 
fied and that (36.2) be satisfied, when I and p refer to the same double root, and 
q and r to any other root or roots. Eisenhart, 1923, 6, p. 267. 

10. If the congruences A^j* for « = 1, • • — 1 of an orthogonal ennuple 
are normal, they are canonical with respect to the congruence A^|’. 

Ricci, 1895, 1, p. 308. 

11. If for a the equation 1 + = 0 admits a simple root and a 

triple root p,, the elementary divisors being simple, and the principal directions 
corresponding to and satisfy the respective conditions 


then 

■B#— yy.,-® = -|-(ei + p.).9’„- 

Such a may be interpreted as the space-time continuum of a perfect fluid 
in the general theory of relativity, the congruence consisting of the lines 
of flow. Eisenhart, 1924, 4, p. 209. 

12. When the fundamental form is defined by (39.11), the determination of the 
equations of the geodesics in finite form is reducible to quadratures (cf. Ex. 8, p. 60). 

Stackel, 1893, 2, p. 1284. 


13. Show that the quantities 
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have the same values at coirespouding points of two spaces in geodesic cor- 
respondence, and that for a new set of coordinates x'* the corresponding func- 
tions are given by 

_ TT/o daf -r-r, dxj 

dx'” dx'J ~ ^ dx'" dx'" dx'^ 


1 

p log d 

8^ 

d log A 

dx' \ 

M + 1 


dx'fi 

dx'^ 

80!'“/' 


where d is the Jacobian 


dx^ 


T. Y. Thomas^ 1925, 9, p. 200. 


14. By expressing integrability conditions of the second set of equations in 
Ex. 13, derive the tensor W\.^ defined by (40.20). 

J. M. Thomas, 1925, 10, p. 207. 

15. For the parameter t, defined along any geodesic by 


t 



(Is, 


the differential equations of the geodesics are 


X' i. T T< 3^ _ A 

dt dt ■“ 

where the functions 1 1*.^^ are defined in Ex. 13. 

T. Y. Thomas, 1925, 9, p. 200. 

16. Show that the parameter t in Ex. 15 is the same for spaces in geodesic 
correspondence. 

17. Show that at corresponding points of two spaces in geodesic correspondence 
a coordinate system ^ can be established such that the equations of the geodesics 
through the given points in the two spaces are given by y* = i, where yf are 
constants and t is the parameter defined in Ex. 15; show also that the equations 

■PyiyV = 0 

are satisfied identically, where are the functions for the ^’s analogous to 
in the x’s defined in Ex. 13, (Cf. § 18). 

Vehlen and Thomas, 1925, 11, p. 205. 

18. Show that the quantities in Ex. 13 behave like the components of 

a tensor under linear fractional transformations of the coordinates, and under 
them alone. Vehlen and Thomas, 1925, 11, p. 206. 

19. A necessary and sufficient condition that there exist for aF^ a symmetric 
tensor where 4= 0, whose first covariant derivatives are aero, is that 
the equations_of the geodesics of F^ admit the first integral g^dx^ dx^ const, 
and that the F„ with g^^ as fundamental tensor admit geodesic representation on F^. 

Levy, 1926, 1. 

20. For a space of constant curvature the only tensor g^, where | 4= 0, 
whose first covariant derivatives are zero is given by g^. = where p is a constant. 

Levy, 1926, 1. 
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21. A necessary and sufficient condition that a Riemannian space admit a 
symmetric tensor other than whose first covariant derivative is zero and 
such that the elementary divisors of the corresponding equation (33.1) are simple, 
is that its fundamental form be reducible to the sum of forms 

where are functions at most of the ar's of that form; then 

a„d3fd^‘ =2^e„cr«, 

u 

where the are constants. (Of. Exa. 4 and 5, p. 124.) Eisenharty 1923. 5, p. 303. 

22. The congruence corresponding to each simple root of equation (33.1) of 

Ex. 21 is normal, and the tangents to the curves of the congruence form a field 
of parallel vectors. Eisenhari, 1923, 5, p. 303. 
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The geometry of sub-spaces 

42 . The normals to a space V„ immersed in a space 
Let Vn be a space with the fundamental quadratic form 

(42.1) y = ^tj daf dx^ (i, ^‘ == 1, . • • , w) 


immersed in a space Vm with the quadratic form 

(42.2) y -= dy^ dy^ (a, ^ = 1, • * ., m),* 

Vn being defined by equations of the form (cf. § 16) 


(42.3) r 


where the rank of the Jacobian matrix 
For displacements in Vn we have 


dr 

dx^ 


is n. 


(42.4) 

and consequently 

(42.5) 


dy"" dy^ = gij dx^dx^, 

dy^ a/ __ 
ax* ax-^' 


Since the t/’s are invariants for transformations of coordinates in Vn, 
their first derivatives with respect to the x’s are the same as their 
first covariant derivatives with respect to (42.1). Hence we may 
write (42.5) in the form 

(42.6) = gij’ 

If A" are the components of a vector-field in Vm normal to Vn 
at points of the latter, we must have (§ 16) 

(42.7) == 0. 

* In this section Greek indices take the values 1, • • • , m and Latin 1, * • • , 
unless stated otherwise. 
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Since the matrix of these equations in is the product of the 
matrix ll 2 ^,i|| and the deteminant 

(42.8) a = |a„^|, 

which we assume to be different from zero, it follows that this 
matrix is of rank n* and consequent!}^ equations (42.7) admit m — n 
linearly independent sets of solutions; that is, there are m — n 
independent vectors normal to Vn at a point. 

We consider first the case when m = n + 1 and prove the theorem: 
A necessary and sufficient condition that the normals to a Vn 
immersed in a Vn-^^iform a nidi vector syste^n is that the determinant g 
for Vn he zero. 

In accordance with the theorem of § 31 it follows from (42.6) 
that the determinant g is the sum of the products of corresponding 
n-row determinants of the two matrices ^\\ and l|y“yl|. If 

(42.7) is written in the form 

ifyi -- 0 , 

it follows from this equation and (42.7) that corresponding deter- 
minants of these matrices are proportional to and respectively, 
and consequently g = where q and a are factors of 

proportionality. From this expression for g the theorem follows 
at once (§12; cf. § 14). 

We consider now the case + l and indicate by for 

O' == w + 1, • • *, m the contravariant components of m — n inde- 
pendent vectors normal to F,,. If we put 

(42.9) (cT, T = w + 1, . . m). 

where are functions of the x's, the vectors with components 
are normal toVw. In order that they be orthogonal to one an- 
other, the functions must satisfy the conditions 

__ 1, to; T 4 p), 

•Bdcher, 1907, 1, p. 79. 
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which we write 

(42.10) V = 0. 

The problem of finding m — n sets of functions ^ satisfying this 
condition is equivalent to the algebraic problem of finding a self- 
polar polyhedron (§ 13) with respect to 


(42.11) = 

When the determinant is different from zero, there can 

be found m — n sets of fs satisfying (42.10), none of which satis- 
fies (42.11). Consequently m — n sets of mutually orthogonal vectors 
normal to Vn exist, none of which is a null vector. 

If |c;uvl = 0 and the rank of the determinant is m — n — p, 
there are p linearly independent vertices of the hyperquadric 

(42.11) ,* and consequently p linearly independent null vectors are 
given by (42.9) and m—w — p other vectors, which are not null 
vectors, orthogonal to the former. Thus there are m — n independent 
vectors normal to F,,, of which p are null vectors. For any 
one of these null vectors, say §i|", we have 


S ^ 0 

Sti Sai V 








/<r = w + Ij * * •? 

\ "i 1 , • • • , w i 


Since |a«^| + 0 by hypothesis, we cannot have = 0 for 

fi — 1, • • •, m. Hence there must exist relations of fhe form 


a ^ a I ft a ^ 

a ?a\ + 0 2/ = 0, 


where all the b's cannot be zero, otherwise the m—n vectoi’S “ 
would not be linearly independent. Multiplying by and 

summing for a, we have ¥gtj = 0. Since all the h's cannot vanish, 
we must have g = 0, Therefore the case | | = 0 is possible 
only when ^ 0, and hence: 

TF^en the determinant g of the fundamental form of a Vn imme^^sed 
in a space Vm is different from zero, m — n real mutually orthogonal 
vectors normal to Vn can he found none of ivhich is a null vector, 

* Cf. Bocher, 1907, 1, p. 130. 


10 
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Suppose now that are the components of w — n such mutually 
orthogonal vectors normal to The magnitudes of these com- 
ponents can be chosen so that 

««/» ^a|“ Kf = (<r = n+ J, • • •, »»), 

where the quantities are plus or minus one. Then = 0 in (42.10) 
for /u 4 and == so that (42.10) reduces to ^ = 0 

for = w + 1 » • • • , w (^ + *)• The problem of finding such 

functions t is that of finding an orthogonal ennuple in a space 
8m-n (§ 26). Each such ennuple determines by means of (42.9) 
a new set of mutually orthogonal non-null vectors normal to F?. 
Hence we have: 

^ When m — n mutually orthogonal unit vectors in Ym normal to 
a Yn immersed in Ym are knotvn, linear combinations of their com- 
ponents, whose coefficients are the components of any orthogonal 
ennuple in a certain fiat space of m — n dimensions, are the com- 
ponents of another set of mutually orthogonal normal vectors. 

Prom the results of § 13 it follows that any one of these linear 
combinations can be chosen arbitrarily, provided that the functions f 
are such that 2e<r(^)* + 0. 

a 

43. The Gauss and Codazzi equations for a hypersurface. 
Consider a space 7n+i of coordinates ^ and a hypersurface Yn of 
coordinates z* defined by the equations 

(43.1) y* = /“(a?^ • • •, 

We take (42.1) and (42.2) for the fundamental forms of Yn and 
respectively, and consequently have the relations 

(43.2) aa?y“,iy^j = 9ii 

between the components of the two fundamental tensors. 

Prom the first theorem of § 42 it follows that the normal 
vector to Yn is not a null vector, since it is assumed that g^O, 

*lu this and subsequent sections Greek indices take the values 1, •••, n + 1 
and Latin 1, • • •, n. 



48 . The Gams and Codaaai equations for a hypersnrface 


147 


If 5“ are the components of the unit normal vector, we have 
from (42.7) 

(43.3) P = 0, ?“ ?/» = e. 

If equation (43.2) be differentiated covariantly with respect to 
and the y’s, we have 

y“,i y^,j y^j + y^,jk y“,i) == 0. 

dtp' 

If we subtract this equation from the sum of the two equations 
obtained from it by interchanging i and k and j and k respec- 
tively, we obtain, in consequence of (11.12), 

««/» y“,k t/.ii + l«fi, r]a y“.i y^j ^,k = 0, 

where the Christoffel symbols of the first kind are formed with 
respect to and evaluated at points of 7n. When this equation 
is written in the form 

it follows from the first of (43.3), since the Jacobian |ly“i || is 
of rank n by hypothesis, that 

(43.4) + 5“. 

where the functions Siij are thus defined. If these equations be 
multiplied by 5^ and summed for «, we obtain 

(43.5) Siij = v + 

Since and are invariants for transformations of 

coordinates in 7n, it follows from (43,5) that Qij are the com- 
ponents of a symmetric covariant tensor in the ic’s. 

If the first of (43.3) be differentiated covariantly with respect 
to and the ^’s, we have 
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(43.6) + 

in consequence of (7.4). By means of this result equations (43.5) 
are equivalent to 

(43.7) i2v = — 

These equations can be written in the form 

(43.8) 

If the second of equations (43.3) be differentiated with respect 
to the resulting equation is reducible by considerations similar 
to those used in (43.6) to 

(43.9) + -<'• 

From this equation and the first of (43.3) it follows that 

where the A's are determined by substitution in (43.8); in con- 
sequence of (43.2) we have 

gikA'‘j = — A'^j = — AjV. 

Hence we have 

(43.10) { f i /j f . 

' fa 

In order to obtain the conditions of integrability of (43.4), we 
make use of the Kicci identity (§ 11) 


(43.11) 


— y^,ikj = y^,m Bhijk, 



? 
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where Rhijk are the Biemann symbols of the first kind formed with 
respect to the ^’s. Substituting from (43.4) and making use of 
(43.4) and (43.10) in the reduction, we obtain 


[Rhijk — ^ik — .^?</)] — — ^ikj) 

— y>i 

— VL 

where the components R are formed with respect to and 

evaluated at points of 7n. If this equation be multiplied by ^ 

and summed for a, and again by we obtain the two sets 

of equations (after changing the indices) 

(43.12) R^j]d = e(S2tjc^Jl — ^jk) + 

(43.13) /-Vfc - y,, y\u . 

In consequence of these equations the conditions of integrability 
of (43.10) are satisfied. 

When Fn+i is a euclidean 3-space and the y'% are cartesian 
coordinates, equations (43.4) become 

(43.14) y\y = 

These are the Gauss equations* for the surface, where in accordance 
with the customary notation 

(43.15) = n, a* -- r, -Qn = = /)', = D\ 

In this case equations (43.12) reduce to the single equation 

(43.16) — i>'", 

the equation of Gauss, and (43.13) to the equations of Codazzi 

(43.17) = O.t 


• 1909, 1, p. 164. 
1 1909, 1, p. 165. 
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4 


Accordingly (43.12) and (43.13) are called the eqmiiom of Oa\m 
and Codazzi for the hypersurface Vn\ they were established first 
by Voss,* Also the quadratic form 

(43.18) V' = Qij da^ dx^ 

is called the second fundamental form of Fn. 

jS^en Fn+i is a space of constant curvature we have 
from (27.1) 

(43.19) Koia^iya^^ 

Because of (43.2) and (43.3) equations (43.12) and (43.13) reduce to 


(43.20) Bijki = e (Qik %k) + Ko (^ik gji — gu gji^ 

and 

(43.21) ^ijjc-^ikj = 0. 


44 . Curvature of a curve in a hypersurface. Consider 
a non-minimalt curve C lying in a Vn and defined by the x^s as 
functions of the arc. When these expressions are substituted in 
(43.1), we have the y’s of the enveloping space Fn+i as functions 
of 8, Consequently 


df^ 

ds 



Since the left-hand member is an invariant in Fn, we have by 
covariant differentiation with respect to xJ 



dx^ 

ds 



Substituting for 'tfjj the expression from (43.4), multiplying by 


dx^ 

ds 


and summing for j, we have 


* 1880, 1 , p. 146; cf. also Bianchi, 1902, 1, p. 361. 

tFor the method of proceed are when C is minimal see the first foot-note 
of § 24. 
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d8^ 


(44.1) 




a 1 dyf^ dt/' 
fiv fa ds ds 




, do^ dx^ 
ds ds 




From § 20 it follows that the left-hand member of this equation 
is the component 17® of the principal normal of C in 7n+i, and 
the expression in parenthesis on the right is the component of 
the principal normal in Fn. The first curvatures of C in Vn and 
in Vn+i respectively are given by [cf. (20.3)] 


(44.2) 

The former of these is called the relative curvatw'e of C with 
respect to F„. 

If we put 

1 - dxi dxi daf dx^ 

(44.3) g^. 


ds ds 


~ e, 


it follows from (44.1) that 1/E is the component normal to Fn of 
the first curvature of C in Fn-n, Its value at a point P is the 
same for all curves of Fn through P with the same direction. 
Accordingly it is called the normal curvature of Fn at P for a given 
direction. From (44.1) we have: 

The normal curvature of a hypersurface fm' a direction is the 
first curvature in the enveloping space of the geodesic of the hyper- 
surface in this direction/^ 

If we denote by the components in the j/’s of the vector 
that is, 

(44.4) 

equations (44.1) can be written 

(44.5) >?"== ee-|^+7“. 

The vector I7® is called the relative curvature vectat\ 

* These results and those which follow are immediate generalizations of welU 
known ideas in the theory of surfaces in euclidean 3>space. Cf. 1909, 1. 
pp. 131-133. 
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If the vectors 17 “ and 17 “ are not null vectors, in consequence 
of (44.2), equations (44.5) can be written 


( 44 . 6 ) 


Q ^ Qg 


where now 17 “ and are the components of the unit vectors in 
their respective directions. 

Since the vector of components lies in Yn, we have 

= 0 , 


and from (44.6) it follows that the principal nomal in Vn-\i is 
one of the directions in the pencil of directions formed by the 
orthogonal vectors f” and If we put 


= coscr, 


= COSfT, 


we have from (44.6) 


(44.7) 


1 - cos O ' A. — ^ coscr 

It ~ ^ Q ’ eg ~~ e 


where = e. 

If the fundamental form for I n+i is positive definite, we have 
e =z e =-^ 1, COSO — sin <r, and consequently 


/>. 4 o\ 1 1 sin O' 

(44.8) = » — • 

R Q Qg Q 

The first of these equations is the generalization of Meusnier’s 
theorem to curved spaces of any order and the second shows 
that the curvature of C relative to Fn is a generalization of the 
geodesic curvature of C,* 

45 . Principal normal curvatures of a hypersurface and 
lines of curvature. The principal directions in Vn determined 
by sire given by 

(45.1) {RhS2^J-■g^j)XHl^ = 0, 


1909, 1, p. 118. 
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(45.2) = 0; 


From § 33 it follows that Rh are the maxima and minima values 
of the radii of normal curvature defined by 


(45.3) 


^ sijjxnj 
R gijX^Xj ' 


and Xh\ defined by (45.1) are the corresponding directions. The 
roots of (45.2) are called the principal radii of normal mrvaiure 
of Fn« The curves of the congruences determined by Xj^,\^ are called 
lines of curvature of Fn. If the roots of (45.2) are simple, there 
are n uniquely determined families of lines of curvature, and their 
directions at any point are mutually orthogonal (§ 33). If a root 
is of order r and the elementary divisors are simple, the corres- 
ponding principal directions are linearly expressible in terms of 
r directions, orthogonal to one another and to the directions 
corresponding to the other roots. If the elementary divisors are 
not simple, which can happen only for certain cases when the 
fundamental quadi’atic form of Vn is indefinite, it is not possible 
to find n families of lines of curvature whose directions at a point 
are mutually orthogonal. The lines of curvature corresponding to 
a real root are always real. When the fundamental form is definite, 
all the roots are real. This is not necessarily the case when the 
form is indefinite. 

Suppose that the elementary divisors of (45.2) are simple, in 
which case none of the vectors defined by (45.1) is a null vector 
(§ 33). Hence there exist n mutually orthogonal unit vectors 
satisfying (45.1) such that 


(45.4) gij^h\ gij^''h\ — 0 (^ 4^ /c). 


Any unit vector-field in Fn, say A*, is defined by 

A* = Cl cos «! Ai|*-|- . . . enCOsai»A„l*, 


(45.5) 
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where (§13) 

coswr = ga Xrf , gij = 
Now (45.3) becomes 

(45.6) ^ = e fiy- V, 
and from (45.1) we have 

(45.7) -Ir- ■■= eHSiijh\h^. 

Jxh 




Substituting 

obtain 

(45.8) 


in (45.6) from (45.5) and making use of (45.7), we 



Cl COS*J)f, _j_ en cos* a„ 


Hi 




which is the generalization of Euler’s formula.* 

We shall prove the following theorem: 

The congruences canonical ivith respect to a normal congruence 
are the lines of curvature of the hypers^ur faces normal to the congruence. 
Let be the components of the congruence of normals to a Vn in 
a Fw-fi, and for 4 = 1, • • •, n the components of the congruences 
canonical with respect to the congruence From (38.2) we have 

(45.9) = 0. 


where the covariant differentiation is with respect to the fundamental 
form of 7«^i. 

Since 

9/ 

and from (43.10) we have 




Tj (««/» ~ iilji”' /.m + I"/*, v]a lJ\j f , 


dx-^ dX'^ 
it follows that 

(45.10) ~ 9 2/^, w ««/:>'• 


*Cf. Voss, 1880, 1, p. 151; Bianchi, 1902, 1, p. 370; also 1909, 1, p. 124. 
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From 2/,; = 0 we have by covariant differentiation with respect 
to the and by means of (43.4) 

(45.11) + 0- 

cc d 

If (45.9) be multiplied by 2/ ,1 ^^nd summed for «, and h\ be 
replaced by if .m we obtain 

(45.12) [| J , „) - ^ 0 . 

Because of (45.10), (45.11) and (42.5) this reduces to 

“f 0^/1 gi^ 0 , 


which proves the theorem. 

As a consequence of this result and the last theorem of § 38 
we have the following generalization of the theorem of Dupin:"^ 
When a spare Vn adwt'U an n-fiipig orthogonal sgsteni of hyper- 
surfaces, any hypersurf ((ce fs cut by the hyper surf a res of the other 
families in the hues of curvature of the former, 

46. Properties of the second fundamental form. Con- 
jugate directions. Asymptotic directions, if P{x^) and 
P\x^-\-dP) are nearby points of a hypersurface 7,,, and C is the 
geodesic in determined by these i)oints, it folloAVS from (44.5) 
that I if I as given by (44.3) is the radius of first curvature of C at /^ 
From (2().()) it follows that p given by 

(4().l) 2p -- Uijdx^do'J 

is the distance from P' to the geodesic of Ynri tangent to C at P, 
to within terms of higher order.t This is the well-known property 
of the second fundamental form of a surface immersed in euclidean 
3-space.t Hence we have: 

♦ 1909, 1 , p. 449. 

t Since the principal normal to V is normal to Vn and consequently is not 
ft null vector, the exceptional ca.se treated in § 20 does not arise in this instance, 
tl909, 1, p. 114. 
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If Vn is the locus of geodesics of Vn^i tangent to a In at 
a point P{c(^)y the distance from a point P^a^-^-dx^ ofVn to Vn 
is one-half the value of the second fundamental form for the given dafy 
to within terms of higher order. 

Generalizing a concept* of the theory of surfaces, we say that 
two directions at a point P determined by dx^ and doc^ are cow- 
jtigate, it 

(46.2) Qjjdx^dx^ = 0. 

From § 45 and (33.10) we have: 

The directiom of two lines oj curvature at a point of a hyper- 
surface are conjugate. 

Also we have the more general theorem: 

The vector at a point of a hypersurface whose components are 
linear comlinations of the components of p vectors tangent to lines 
of curvatare is conjugate to the vector whose components are linear 
combinations of the remaining n — p vectors tangent to lines of 
curvature, 

A direction which is self-conjugate is called asymptotic. Hence : 
21ie directions at a point of a hypersurface defined by 

(46.3) SiijdajdX'i = 0 
are asymptotic. 

From (44.5) and (20.6) we have: 

A geodesic of a hypersurface in an asymptotic direction at a point P 
has contact of the second or higher order with the geodesic of the 
enveloping space in this direction at P, 

By definition an asymptotic line is one whose direction at every 
point is asymptotic. From (44.5) we have: 

When an asymptotic line is a geodesic of a hyper'mrfaccy it is 
a geodesic of the enveloping space, and conversely. 

If Xhf and are the components in the x's and fs respectively 
of a vector-field in Vn, we have 

(46.4) 

If equations (43.10) be multiplied by and summed for j, we 
have in consequence of (46.4) 

♦ 1909, 1, p. 127. 
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(46.5) ?/il“ f'*, a ^ - — Qij ?/, i Xh\\ 

where ?^,<ris the covariant derivative with respect to the fundamental 
tensor of Fn 4 1 . From the form of (46.5) it is seen that the right- 
hand member is the associate direction in Fn+i for the displacement 
of the normal vector in the direction unless the normal is 
parallel along the curve (cf. Ex. 5, p. 158). In order that this associate 
direction coincide with the direction the right-hand member 
of (46.5) must equal q The resulting equation is reducible b}'’ 
means of (46.4) to 

{iljj + q Xj, \) t/j = 0 . 

Multiplying by and summing for fi, we have, in consequence 

of (42.5), 

i^kj + Qgkj) Xici'^ = 0 . 

Comparing this equation with (45.1) we have: 

A necessary and sufficient condition that the associate direction 
{when it exists) of the normal vector to a hypersurface for a curve 
in the hypersurface he tangent to the curve is that the curve he 
a line of curvature. 

In order that the associate direction be orthogonal to the curve, 
we must have 

= 0 . 

which is reducible by (46.4) and (42.5) to 

SijkXh\^Xh\^ = 0. 

Hence we have: 

A necessary and sufficient condition that the associate direction 
{when it eocists) of the normal to a hypersurface for a curve in 
the hypersurface be orthogonal to the curve is that the curve he an 
asymptotic line.'^ 

Exercises. 

1. When the elementary divisors of equation (45.2) are simple for a hyper- 
snrface of a space of constant Riemannian curvature the scalar curvature 
It of is given by 


* These two theorems are generalizations of well-known theorems in the theory 
of surfaces in euclidean 3-space. Cf. 1909, 1, pp. 143, 144. 
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where are the radii of principal normal curvature. 

2 . Let be a given hypersurface of a and refer the latter to a codrdinate 

system aj® in which the hypersurfaces = const, are geodesically parallel 
f-o being the arc of the geodesics normal to these hypersurfaces 

mea&ured from F^; then 

(p = e{d ic*‘+*)' -j- (lx* dx^ (i, j =l: 1, . . . , n), 

and == Show that in this coordinate system the components of 

the normal to F„ are i*™ 0 (i = 1, • • • n), 1"+* = 1, and by means of (43.4) that 

Bianchi, 1902, 1, p. 359. 

3, When a admits an n-tuply orthogonal system of hypersurfaces £r‘= const., 
the components in the x’s of the tensor for the hypersurface ac" = const, are 

H dH 

\ — 0 (»,i = 1. • • •, n; i + J). 


as follows from (37.1), (37.2) and (43.4); and the radii of principal normal 
curvature are 

J _ _ ^3 - _ 

K. 9-r* 

Bianchi, 1902, 1, p. 378. 

4 . When a F^ admits an n-tuply orthogonal system of hypersurfaces ac*= const., 
the first curvature of the curves of parameter x* is given by [cf. (30.18) and Ex. 3] 


1 _ 



(r + h), 


where R^^ is the radius of principal normal curvature of x** = const, for the 
curve of parameter x\ Bianchi, 1902, 1, p. 379. 

5. In order that the normals to a hypersurface along a curve of it be parallel 
with respect to the curve in the enveloping space, it is necessary and sufficient that 


where f is a parameter along the curve; show also that such a curve is an 
asymptotic line. 

6. For a the functions defined by (cf. § 31) 
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are the components of a symmetric contravariant tensor. Show that on taking 
indices as equivalent which are congruent modulo three 


3 ^ ®r+l i •■+2’ 

JBicci, 1895, 1, p. 292. 

7. In a Fg the Riemannian curvature at a point for an orientation orthogonal 
to the vector is given by 


K = - 




where is defined in Ex. 6. Hence the principal directions determined by 
are those for which K has maximum and minimum values; these are given 
by the roots of | I — q Btanchi, 1902, 1, p. 354. 

8. For a hypersurface of a space of constant curvature the lines of 
curvature are the directions for which the Riemannian curvature are maximum 
and minimum, and these are given by 




B 'jr 2. 3; i,j, kt). 

Bmnchi, 1902, 1, p. 371. 


47 . Equations of Gauss and Codazzi for a immersed 
in a Vm- Given a Vn of coordinates in a Vm of coordinates let 
the fundamental tensors of V,, and Tm be taken in the forms (42.1) 
and (42.2) respectively*. As shown in §42 there exist 
systems of real unit vectors in Vm mutually orthogonal to one another 
and normal to Vn. We choose a particular system of such normal 
vectors and denote their components by ?a|“ for cr = w -f- 1 , • . w; 
then we have 

(47.1) = 0 

(<r,i = n+ 1 ,..., m; 

where is plus or minus unity. These components satisfy equations 
(42.7), that is, 

(47.2) 

If (42.6) be differentiated covariantl}" with respect to the quadratic 
form (42.1), we have 

* In this and subsequent sections Greek indices take the values 1, • > • , m, 
unless stated otherwise, and Latin 1 , • • • , n. 
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If we subtract this equation from the sum of the two equations 
obtained from it by interchanging i and k, mdj and k respectively, 
we obtain 

where the Chiistoffel symbols are formed with respect to the form 
(42.2) for Vm and evaluated at points of F„. This equation may 
be written 

! “Jx.'V'j) = 0. 

Since any solution of (42.7) is expressible linearly in terms of the 
m — n vectors there must exist functions Sianj such that 

(47.4) = - { “ I + Zoa ?,r,“ 

' fa a 

(tf = w + w). 


From these equations we have in consequence of (47.1) 

(47 .5) 2/“, a == — I/* V, fi]a i y^'j . 

The functions and [fiVy fi]a are invariants for transformations 
of coordinates in Vn, y^.ij are the components of a symmetric 
covariant tensor of the second order in the a;’s and y^^i are com- 
ponents of a vector. Hence it follows from (47.5), that for each 
value of O' the quantities Sia\ij are the components of a symmetric 
tensor in Fn. 

Differentiating (47.2) covariantly with respect to and making 
use of (47.5), we have 

(47.6) = — na\i~ [fi fiy v]a f.i yf^j i'*. 

If we define functions by the equations 

(47.7) ?/;+ [|» V, /?J„ y‘\j I,," 

then for each value of t and o' the quantities are components 
of a vector, since the term on the left of (47.7) is the component 
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of a vector. Moreover, if the second of equations (47.1) be 
differentiated with respect to we have from the resulting equation 
and (47.7) that 

(47.8) /*T<r|j+4*<rrO = = O’ 

For a given value of j the quantities igfj are the contravariant 
components of a vector in Fm. Accordingly we write 

+ (v = « + l, W), 

r 

where the A’s and jB’s are to be determined by substituting this 
expression in (47.6) and (47.7). This gives 

Br =• e-: /“wlj— er [/*»', /«]„ ?.l’' 

From the first of these we get, on multiplying by and summing 
for t, 

^ »’]. /,t ^,J 

If lh\ are the components of any mutually orthogonal unit vectors 
in F,„ we have from (29.5) 

^eh h\h\ = == 1, • • n). 

h 

If are the components of these vectors in the y’s, we have 
and consequently 

h 

Substituting these expressions in the above equation for and 
making use of an equation of the form (29.5) for F,n, we have 
(on changing indices) 

(47.9) = —i^a\ijff^’‘y^.k — \^J(^y‘'*.j^at’'+2eT9ra\j^Tf 

(a, T == n + l, m). 


11 
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In order to obtain the conditions of integrability of (47,4), Ave 
make use of the Ricci identity (cf. § 11) 

(47.10) y'\ijk— y'\ikj t^hijk, 


where the Riemann symbols Bhijk are fomed with respect to (42.1). 
Substituting from (47.4) and making use of (47.4) and (47.9) in 
the reduction, we obtain 

^^c\hj^a\ik ^tr\hk 

<7 > 

^<7l ^^a\ikj (^rtr k ‘^rl?!/ ’^^T',fk)J 


where is the Riemann tensor with respect to the fundamental 
form (42.2) of Vm, evaluated at points of Vn* If this equation be 
multiplied by ^ and summed for « and again by we 

obtain the two sets of equations 


(47.11) 
and 

(47.12) 


^ eg (S Ja il: /igi// — S2a,tl S2g\jk) 

a 

+ y“.» y^j 

r 

+ y^\j /,fr 5fr|^ (o', r w + 1, . . m ) . 


Since the conditions of integrability of (47.9) are 

reducible by means of (47.12) to 


2 (y'Tfflj, I t*'TC\k,j) ^T( ^ 2 t^TClk 

T 

(47.13) ^/ + B%ry^jy\kU^ 

T 

—!f‘ y^.i Kkfir y“.i it,} f.k ^ 


0. 
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Multiplying this equation by ^T|/S and summing for fi, we obtain 


(47.14) 

(Qrlj^^ahk ■f-rVfc fif7|7i/) 4" y\k ?<r|^ ?r|/? ~ ^ 

(^, er, r == w + 1. • • > 


When m ~ w+1, the quantities fin\j are zero, as follows 
from (47.8). Then (47.11) and (47.12) reduce to (43.12) and (43.13), 
and (47.14) are satisfied identically. Hence we call (47.11) and 
(47.12) the equations of Gauss and Codazzi of a Vn in a y„i.* 

If in accordance with § 42 we take another set of real mutually 
orthogonal vectors normal to Vn defined by 

(47.15) 

the functions C satisfy the conditions 

'ZeAty=~e,. 

(47.16) ^ « 

{a, e = 72+ 1, . . m; »' + p). 


In consequence of the results of § 29 we have 

(47.17) Ze^Ul-O, e„. 

r r 

From equations similar to (47.5) and (47.7) by means of (47.15) 
we have respectively 

(47.18) - /^QaIv, 

(47 19) 

(X, v,Q,a,T = n+1. m). 

These results for positive definite forms are due to Voss, 1880, 1, p. 139 
and to Ricci, 1902, 2, p. 357. 


11 * 
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When these expressions are substituted in equations similar to 
(47.11), (47.12) and (47.14), these equations are found to be 
consistent with the latter in consequence of (47.17). 

48. Normal and relative curvatures of a curve in a 
Immersed in a In § 24 we considered the vectors of a 
field in Vn at points of a curve in a V„ immersed in a F^, the 
components of the vector being in the x's of Vn and in the y’s 
of Vnif and we obtained the following expressions for the com- 
ponents of the associate direction ^or Vm along the curve: 

g ^ ^ _i. j ^ i liC 

^ ds dxj ds {da^dX"^ l«//a 9^' dx-^l* 


In consequence of (47.4) this can be written 

(48.1 ) f}^ = V (cr = n + 1, . . m). 


where are the components of the associate direction in F» for 
the vector 1* and are given by (24.2). 

The associate curvature of the vector A® in Vn is given by (24.4) 
which now we denote by l/>v, and analogously the associate 
curvature in Vm is defined by 

(48.2) i 


From these definitions and (47.1) we have, in consequence of (43.3), 


( 48 . 3 ) 


where ea and eg are plus or minus one when the respective associate 
directions are not null vectors. From (48.1) it is seen that the 
component in Vn of the associate vector for Vm is in the associate 
direction for Vn and its magnitude is l/r^. 

When are the components of the unit vector tangent to the 
curve,* equations (48.1) can be written 

* For the method of procedure when tlie curve is minimal see the first foot- 
note of § 24. 
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(48.4) = fiJ + C“, 

where and are the components in the y^s of the principal 
normals of the curve in Vm and F» respectivel}’^, and by definition 

( 48 . 5 ) 


which evidently is a vector normal to y». Its magnitude 1/B is 
given by 


(48.6) ^ - 


rk 

^alij ^a\kl 


dx^ 

ds 


dot^ 

ds 


doer 


it is the component normal to Vn of the first curvature of the 
curve in T^u. Its value at a point P is the same for all curves 
of Vn through P in the same direction. We call it the normal 
curvature of F« at P for the given direction and the vector 
defined by (48.5) the normal curvature vector. When the curve 
is the geodesic through P, we have = 0, and consequently: 

The normal airvature of a Fn, immersed in a Vm, dt a point 
and for a direction is the first airvature in Vm of the geodesic of 
Vn through the point in the given direction. 

The first curvatures of the curve in Vm and Vn are given by 
equations of the form (44.2); Hqg so defined is called the 
curvature of the curve with respect to Vn, and the vector de- 
fined by (48.4) the relative curvature vector. In this case equation 
(48.3) reduces to 


( 48 . 7 ) 


Cg 


f9_ I ^ 


where ea, eg and e are plus or minus one, when the respective 
vectors and are not null vectors. When all of these 

vectors are not null vectors, equations (48.4) can be written in 
the form 


(48.8) 


Q Q,’ 


where fy“, C“ and iy“ are components of unit vectors.* 


* Cl. the results of this section with those of § 44. 
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49. The second ftindamental form of & in a V„. 
Coiyugate and asymptotic directions. Consider the biquadratic 
differential form 

(49.1) I/' = 2^^^ 1'-., dx' da-J dx’' d.i’ (if u + 1. • • •, m). 

<r 

When m ~ n -|- 1 , the expression e ip is the square of tlie second 
fundamental form of (§ 43). Accordingly Avhen wi + 1 we 
call (49.1) the second JmidamenfaJ form of T«. From (48.6) and 
the geometrical interpretation of J\ it follows that the form is 
independent of the choice of the m — n mutually orthogonal vectors 
in Vm normal to in terms of which the functions S2o\,j are 
defined by (47.5). 

Let C be a geodesic of Va through a i)oint P, and consider first 

the case when the principal normal of C in T ^ is not a null vector, 

the components of the principal normal being defined by (48.4). 
From the theorem of § 48 and equations (20.6), (48.6) and (49.1) 
it follow.s that the distance from a nearby point of C to the 
geodesic of V„i tangent to r at P is one-half the square root of 
the absolute value of i}' for the direction of (\ to within terms 
of higher order. When the principal normal oi C is a null vector, 
we have 1/P — 0 so that the distance is of the thii’d or higher 
order as follows from (20.6). Hence: 

If T;, is fhe loais of geodesioi of Vm fnngmi fo n snlhS2)a(e Vf, 

at a point P(a:*), the chsiance fom a point t” ^^P) of 

to Vn is equal to one half the square )oot of the absolute ralue of fO 
Jor the given values of dPj to uithiu terms of htghv) ordefi'. 

Generalizing the concepts of conjugate and asymptotic directions 
of a hypersurface (§ 46), we say that two directions at a point 
determined by dP and are conjugate, when 

(49.2) ^ Ctr £ia ffSIoud 6:x'J d.d' dp 0 , 

rr 

and asymptotic, or self-conjugate, directions are defined by 

(49.3) ^ e<T dj * d /O dP^ dP — 0.^ 


*Ct Vow, 1880, 1, p. 151. 
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From (48.6) we have: 

The 'normal curvature of a Vn in an asymptotic direction is zci o. 
From this result, the theorem of § 48 and (20.6) we have: 

A geodesic of Yn in an asymptotic direction at a point P has 
contact of the second, or higher, order mth the geodesic of Vm, in 
the direction at P. 

An asymptotic line is by definition a curve whose direction at 
every point of the curve is asymptotic. From (48.8) we have: 

When an asymptotic line is a geodesic m Yn, it is a geodesic 
til t ni or its principal normal in Y^ is a null vector, and cmi- 
verselg, when a geodesic in Yn is a geodesic in Ym, it is an asymptotic 
line in Vn. 

From equation (48.3) and § 24 we have: 

When a vector in Vn is displaced parallel to itself in almg 
a curve whose direction is (onjugate to that of the given vector, it 
moves parallel to itself in or its associate direction in Vm is 
a nidi vector. 

In order that a rector displaced parallel to itself in Vn shall move 
parallel to itself in Vm^ it is necessary that the direction of dis- 
placement he conjugate to the rector in 

From (48.4) and (48.5) it follows that the components of the 
principal normal in V,n of any curve of Y,, through a point P are 
expressible linearly in terms ot n mutually orthogonal vectors ^ 
for h -- 1, • . • , in at P and the n{n + l)/2 vectors 

for ff ^ + 1, • • • . normal to at P. We denote by r the 

number of linearly independent vectors in these combined systems. 
Evidently / and also t <n(7i + 3)/2. If it is less than 

n in + 3)/2, there must exist linear and homogeneous relations 
between the functions We denote by G^. the variety of 

order i consisting of all the geodesics of Vm through P in directions 
determined by the r independent vectors. From the last theorem 
of § 20 it follows that has contact of the second order with 
every curve of T« through P. Hence we call 0^ the osculating 
geodesic variety of Vn at P,’^ 

50. Lines of curvature and mean curvature. The principal 
directions deteimined by each of the m — n tensors cones- 


Qt.Bompiani, 1921, 5, p. 1122. 
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pondiDg to a given set of m — n mutually orthogonal unit vectors 
normal to a Fn in a Vm define an orthogonal ennuple of congruences 
analogous to the lines of curvature of a hypersurface (§ 45). We 
call them the lines of curvature of F« for the corresponding normal 
In oi^der to obtain a geometric characterization of these lines, we 
multiply equations (47.9) by and sum fory. Making use of 
(4G.4), we obtain 

(50.1) V + 

Proceeding with this equation in a manner similar to that followed 
in the case of (46.5), we get the theorem: 

A necessary and sufficient condition that the associate direction 
of a normal vector to a F» for a curve in the Vn he tangent to the 
curve is that the curve he a line of curvature for the given normal. 

Any unit vector 5“ normal to a Vn is expressible linearly in terms 
of m—n mutually orthogonal unit vectors normal to Fn, as in 
(47.15), and the corresponding tensor is given by 

(50.2) Siij - (a„^ + U.V, fi], y^;, f'J 

as follows from (47.5), (47.15) and (47.18). When the normal 
vector is a null vector, its components 5“ involve an arbitrary 
factor and consequently the corresponding Siij is determined by 

(50.2) only to within a factor. 

From equation (45.2) it follows that the sum of the principal 
normal curvatures of a hypersurface is 

(50.3) O ^ 

This is the generalization of the mean curvature of a surface* 
and is called the mean curvature of the hypersurface. In a similar 
manner we call SHo], defined by 

(50.4) i2ff| = 

the mean curvature of F» for the normal direction 


1909, 1, p. 123. 
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Consider the vector normal to F,* whose components are given by 

(50.5) r 

c 

Its magnitude M is given by 

(50.6) =\'Z eciiauj .% w 1 . 

^ I 

From (47.15) and (47.18) it follows that the vector is independent 
of the choice of the m — n mutually orthogonal vectors normal 
to Fn. 

Since the rank of the matrix |lf«y|**!l is m — n, the components 
of the above vector vanish, when, and only when, 

(50.7) — 0 (o' — n-rl,"-, m). 

The invariant M is zero in this case, and also when the vector 
is a null vector.* 

Suppose now that 2[ 4 0 and write (50.5) in the form 

(50.8) = Z eaiio w 9'^ iff I “ , 

O 

being the components of the unit vector. Then from (50.2) 
and (47.4) we have for the components of the tensor 12,^ corres- 
ponding to the vector 

(50.9) Mii„ Z -‘-*ff "ff ki 9^. 

o 

From this equation and (50.6) it follows that the mean curva- 
ture of Fn for the direction that is, ih equal to if, to 

within sign at most. Moreover, if the vector is a null vector, 
we find that the mean curvature for this normal is zero. If we 
call M the mean curvatnre of V,i and thf vector defined by 
(50.5) the mean airvahire normal, we have: 
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The mean curvature of a Vn immersed in a Vm for the mean 
curvature normal is the mean curvature of fo within sign at 
most. 

Also we have in view of the above results: 

A necessa't'y and sufficient condition that the mean mrvature of 
a Vn he zero is that the mean curvature with respect to every normal 
to Yn he zero, or that the mean curvature normal he a null vector"^. 
Let be the components of any vector normal to Vn; then 
f From (50.2) and (47.18) it follows that the mean 
curvature for this direction is f From (50.5) we have 

Consequently we have: 

The mean ciovature of a Yn fcu' any normal oj'thogonal to the 
mean curvature normal is Z€ro\, 

51. The fundamental equations of a in a in terms 
of invariants and an orthogonal ennuple. In a Vn immersed 
in a Vm, of coordinates we choose an orthogonal ennuple of 
unit vectors of components that is, 

(51.1) gij^h\ ^h\'^ — (ih gij^h\ 0 {Jifc ~ I.-*-, n; h^ A:). 

Since are the components of a covariant vector in F„ for each 
value of «, a set of invariants are defined by (cf. § 29) 

(51.2) ifj ■= {h,i ^ I, --, n; « = l,- -.m). 

These equations are equivalent to 

(51.3) = y\i^h\* 

From the latter we have 

(51.4) =- Ch, = 0 (A k). 


‘‘‘The second alternative does not arise, when the fundamental form of 
is definite. 

t Of. Bompiani, 1921, 5, p. 1134. 
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Prom (51.3) it follows that hC are the components in the i/s of 
the vector whose components in the x's are and from (51.4) 
we find that the e’s are the same for a congruence whether given 
in the y’s or x's. 

In similar manner, if we put 

(51.5) = j^ehekO)a\hkh\ihj (a == w+l.***. m). 

the quantities (aa\hk are invariants in Vn, which are given by 

(51.6) Ma\hk ^a\ij^h\ ^k"^* 
and thus 

(51.7) o^a\lik — ^a\kh» 


We recall from § 30 the formulas 

(51.8) li\jj — ^ehekrihk^h\ihjj Yihk == 

From (47.4), (51.3) and (51.6) we have 

(51 .9) ^h\ * W y' y V — 2 — I I ht\ ^ ^ 

(/,./, /i, ~ 1, •••, w; « = 1, . . . . w; (T = n + 1, • • • . m). 

Differentiating (51.3) covariantly with respect to and the 
fundamental form of Fn, we have 

,j — y ,ij 'v'y ,t^h j» 

Multiplying by kk]'^ and summing for jj we have, in consequence 
of (51.8) and (51.9), 

(51.10) — 

— iJs “ 


where 
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Since == it follows that we have also 

(51.11) ~r^~ = ^ Cii «<r|Wi;|<r|o -|" (“V, /t]o ?;tl^ eiYWctl\a- 

0 Sk a ^ 

Equations (47.11) may be written in the form 


(51 12) ^ ^ (ft)<r|/>r 0)a\qs «<rii).v ^a\qi) 

■i" i^u^yd ?(/|^ 

When the expressions for Qa\ij,k and Qa^kJ as obtained from 
(51.5) are substituted in (47.12) and this equation is multiplied by 
^p\ lq\'^ K\^ and summed for hj,h, we have 

Ar^eh[uHhqYhpr — ft)<T'/irr/ii)g+ Wff — Yhrq)} 

OSr OSa h 


(51.13) 




of an orthogonal ennuple in V^- 
have for Vm 

(51.14) 

and 


(.51.15) 

II,/' 


r (>^r ^juj ft ^ 


If we substitute in (51.15) for the f/’s their expressions in terms of 
the multiply by , and sum for fi, we have for points of 


+^ei 


2 ^ ' -C « t 

/ dj, Y guy ^u\ Sylff i 
fi, f i < r 


Multiplying by h! and summing for /, we have, in consequence 
of (51.3) and (51.4), 


fliVci, 1902, 2, p. 
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<51.16) 



= 2 


/* 


V ^ Vi. I fi y 

(“, /*, r, /*. e = 1, 


If j'f ^ 
fa VI V| 

• ■ • , jw ; 7c = 




If we compare these equations for ^ = l,- .,»i with (51.10), 
we have 


(51.17) yihk = rOiK, Yahk = — Wolftfc 


///, /c, 7 1 , * . J \ 

\ ff = w+ 1, • • w 


Equations (51.10) can be written 

(51.18) ■- ®<r|/iA: ^frl ~1~ Yhlk 

<r I 

(a, ^ ^ 1 , . . m\ O' = n + 1, • • •, I, /»* = 1, • • v w). 


When /t ™ /e, we have on comparing G^l.lS) with (48.4) that 
<^a\hh s^re the invariants of the normal curvature vector of the 
curve whose tangential vector has the components hi\^ in the 
and that ymi are the invariants of the relative curvature vector. 

When k ^ /i, it is seen from (48.1) that are the invariants 
of the normal component of the associate curvature vector for Vm 
of the vector 'ih\^ for the direction and that Ym are the 
invariants of the component relative to F„. Since == Ma\kiif 
it follows that the components normal to Vn of the associate 
curvatures for Vm of hi\^ in the direction and of in the 
direction f/,|“ are equal in magnitude and direction. 

In order to give another interpretation to these invariants, we 
consider the case when wi = + 1, indicating by 5“ the components 

of the vector normal to Fn. In this case, because of (51.17), 
equations (51.16) for ^-^n + 1 become 

(51.19) Jfci/ 5®,/* = — 
where 

(51.20) (f)hk = S2ij Xh\* Xh\'^ , 

If the curve whose tangent vector is ^k\^ is a geodesic in Fn, 
are the components of its principal normal. Comparing (51.19) 
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with (32.16) for p = 2, we have again that wkk is the first curv- 
ature, and ©wk for h^k are the invariants of the second curv- 
ature vector. This second curvature is evidently the generalization 
of the geodesic torsion of the curve in Fn of direction Hence 
in the case m>w + l> if at any point F in Vn we take the 
flat 3 -space determined by two directions and in 
and by a normal 5^1 “ to Fn, the invariants and are the 

normal curvatures of the curves of direction and respec- 

tively, and their geodesic torsions to within sign at most. 

Since the left-hand member of (51.12) and the second term of 
the right-hand member do not involve normal directions, it follows 
that the value of the first term on the right is independent of 
the choice of the m — n mutually orthogonal vectors normal to F«. 
For r 8 = q equations (51.12) become 

Fijkl ^p\ ^q\ = i^a\pp ^a\qq ^a\p^ 

(51.21) 

^V\y 

If m == n -f 1 and the F,n-i is an iSii+i, we have 

FijiU ^p\ ^q]'^ ^p\ ^q] e (Wpj, 

Hence each of the terms (wo^,^ u>o^qg — i»a|j»g) ia (51.21) multiplied 
by CpSq may be interpreted as the Riemannian curvature at a point P 
for the orientation Opq determined by lp\^ and lq\' in the flat 3-space 
defined by these two vectors and the direction at P. Accord- 
ingly Riccit calls the first term in the right-hand member of (51.21) 
the relative carvature of Opq and equation (51.21) may be interpreted 
as follows: 

The Riemannian curvature for an orientation in Vn is the sum 
of the relative curvature and the Riemannian curvature of the 
orientation in Fw 

By means of (30.6) equations (51.21) are expressible in the form. 

(51.22) Ypqpq = — ^\\p^ + 7pqpq, 

tr 

and the preceding theorem gives the interpretation of these invariants 

* 1909, 1, p. 188. 

1 1902, 2, p. 361. 
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If we multiply equations (51.21) by and sum for j) from 1, n, 
we have in consequence of (29.5) 

Rjl ^q\ Gp ^'0 (<®<f|/);7 W(f\qq j)g) ”|“ Ra^yd ^!^ • 

rt,fl p 

Multiplying by eq and summing for we have 

R dp Gq €ct {.f/iki\pp 01a\qq 

+ 2 ep e, “ J,,-* gpi^ 


(51.23) 


U, q 


or 


(51 .24') }\ — dp dq Ga{_0)a\pp ®<r^)(y) Gp dq Ypqpq* 

P,Q 


r> Af-' _ 0 

ds ds'~ 


Exercises. 

1. A necessary and sufficient condition that the principal normals of a curve 
in a and for an enveloping F„, coincide is that 

{a = H + 1, ..., w). 

2. If the functions (42.3) defining a \\ in a satisfy the equations 

8^y“ iil 8.v'‘ I )“l 9 / =- 0 /’.y =i> 

g.r'’' lii|, 0aj.' 1 ^ 3 '(» 9ar' 9a' \ i, j = I, . . ., n r 

the parametric curves in are asymptotic lines. 

3. If the functions (42.3) defining a in a satisfy the equations 

9*y“ I fc| 9y“ I 1 « I 8/ = n (“./’■?' = •••> ’": 1 

da^dx^' \ij\fdx^^\fiy\^d3d dx^ fc == . . ., n; i 

the directions of any two parametric lines at a point in \\ are conjugate. 

4. If the functions = /® (x*, defining a in a F^ satisfy the equations 


iVL 

dx'dx^ 


I o 1 9j^ dj^ _ 

ifiyf. a®' a®’ ~ 


the parametric curves in F^ form a conjugate system of lines, such that the 
tangents to the curves of either family where they meet a curve of the other 
family are paraUel in F, with respect to the latter curve (cf. Ex. 3 and 4, p. 79) ; 
these are a generalization of surfaces of translation in euclidean 3-8pace. 

Bompiani, 1919, 2, p. 841. 
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5. If a F, in a admits a conjugate system of lines, the osculating geodesic 
variety (§ 49) of F, is at most of order four. 

6. If a Fj in a F^ admits two families of asymptotic lines, the osculating 
geodesic variety ot F^, is at most of order three. 

7 . Show directly by means of (47.18) and (51.5) that the first term of the 
right-hand member of (51.12) is independent of the choice of the m — n mutually 
orthogonal congruences normal to 

52 . Minimal varieties. Consider any Vw and a V,i immersed 
in it, defined by the equations 

(52.1) //« = •••. /«). 

Let Vn-i be a given closed sub-space of Vn bounding a region Bn 
of the latter and consider the integral 


(52.2) 




dx^ d 


di 


extended over Bn , where L is a function of the //’s and their first 
derivatives v" 

Let bf (tS • • , r*'') be a set of arbitrary functions such that 

(52.3) o)<' _ 0 for r„-, . 

Then 

(52.4) ~ y*' -f- 


where € is an infinitesimal, define another variety T ^ containing the 
given Vn -i and nearby F„ . Substituting these expressions in the 
function L in (52.2) and expanding by Taylor’s theorem, we have 
for the corresponding integral 


/=- 



_aL 

9 / 


I 

+ w ,, 


dL 


d d%^ • • • dx^^ 4 - (>, 


where ^ involves terms of the second and higher orders in^. If 
we write 


* It is understood that L and its first and second derivatives with respect to 
the arguments are continuous in the domain and on the boundary. 
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177 


(52.5) 


81 



dx^ dx^ • • • dx^y 


and integrate the second term of (52.5) by parts, we have, in 
consequence of (52.3), 


dj 




dof^ • • • dx^\ 


In order that the integral I be stationary, that is, that d/=0, 
for every set of functions w" satisfying (52.3), it is necessary and 
sufficient that L be a function such that 


(52.6) 


L / \ 

ar U/,*/ a/ 


0. 


These are the generalized equations of Euler (cf. § 17). 

The element of area of a surface in euclidean 3 -space is 
dudv* in terms of the customary notation. General- 
izing this expression to a T » in a Vm defined by equations of the 
form (52.1), we have g dx^ dx^ • • • dx^* as the element of volume 
of F„. If we consider the region Rn of 7n bounded by a closed 
its volume is defined by the integral 


(52.7) 


/ — r g dx* • • 

e/i2„ 


daf^. 


Generalizing the definition of minimal surfaces, t we say that 
is a minimal variety in Vm, if for a given Vn-i the integral I is 
stationary, t 

In order to deteimine the characteristic property of minimal 
varieties in terms of the functions defined in § 47, we consider 
the equations 



♦ 1909, 1, p. 76. 
tl909, 1, p. 251. 

t This generalized problem was considered by Lipschitz^ 1874, 1 ; in this paper 
he obtained equations (52.6). 
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we have 


dVg 

^y',i 


^9jk ,1 


2V\ 


g 


Making use of equations of the form (7.6) and (7.9) for the g's 
and (7.4) for the a’s, we obtain 


8^( 9/^ ) ~ ^ ^ + i*la+ [fir. j/.j]. 

Also we have 


g 

dy" 


1 Sg dgjk 

^^g ^gjk 


^g g‘'[<^Y,fi\a!/',ii^,j. 


From these expressions and (47.4), we have 


U/.,' T/" 


^€c[i 


Since these expressions must vanish for all values of «, wo have 
^ec Siir\ij == 0. Hence we have: 

a 

A necessary and sufficient condition that a Vn he a minimal 
variety for a Vm is that its mean curvature normal vanish."^ 

From the results of § 50 we have also: 

A necessary and sufficient condition that a In he a minimal 
variety for an env^oping V^i is that its mean curvature in efvcry 
normal direction he zero. 

This is an evident generalization of a characteristic property 
of minimal surfaces.t 

Suppose that a Fn+i admits oo ^ minimal hypersurfaces. If these 
be taken for 2^+^ = const, and their orthogonal trajectories for 
the curves of parameter we have 

On+li ~ 0, Un-f-in-f-l == = 0, — — - — 

-Sii-fl 

(i == 1, • • n) 


* Lipschitz, 1874, 1, p. 31. 
1 1909, 1, p. 261. 
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From (43.5) it follows that 


1 9 Q/jJ 

2ir«+i 8^’ ‘ 


In this case gij = cnj for any = const, and ^ == |a^l for 
= 1 , • • •, n. Consequently 


M = g^Oij 


1 dg 

2gHn+i * 


Hence we have: 

A necessary and sufficient condition that an infinity of hyper- 
surfaces of a space he minimal is that their orthogonal trajectories 
determine a correspondence between them which preserves volume.*^ 

53 . Hypersurfaces with indeterminate lines of curvature. 
A hypersurface Vn with indeterminate lines of curvature is a general- 
ization of a plane or sphere in euclidean 3-space.t As in the latter 
case, when the lines of curvature at a point P are indeterminate, 
P is called an nmhilicnl point. 

From (45.3) it follows that a necessary condition that every 
point of a Vn immersed in a Fn+i be an umbilical point is that 
ilij == ^^, 7 , where q is an invariant. If we multiply this equation 
by and sum for i and j, we obtain 


(53.1) 


n == n^y 


and consequently the condition is 
(53.2) Qij = 

In this case we have from (51.20) 


(53.3) 





«Wc ~ 0 


(71 + *). 


The case when il = 0, that is, when 1 /P = 0, will be treated 
in § 54, 

♦For a Vt this result is due to Bianchi^ 1903, 1, p. 578; for any Vn to 
Bompianif 1921, 5, p. 1141. 
fCf. 1909, 1, p. 116. 
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men m = n + 1,* equations (51.12) and (51.13) become 

(53.4) ^s\ ^{otfpf-Wqg 0)p^C0qrr)'4"if?a/?;^rf5pi 

and 


l^hq Yhiw ^hr Yhpq “f* ^hp (/hqr Yhr^^ 

u Sy 9 tSq 


(53.5) 


For the values (53.3) we have from (53.5) 


(53.6) h\‘^ hr h” J'’ = 0 (p, q,r-^), 

and fox p = r ^ q 

(53.7) (I ep — + U h/ f) ^<,r = 0 . 

When == const., equations (53.7) become 

(53.8) ?,/ hr s'* hr == o (,; ^^ ?). 


This equation is satisfied identically, if we take p = q; also if we 
replace $p|^ by |^. Hence if (53.8) be multiplied by ep and the 
resulting equation be summed for j?, we have in consequence of (29.5) 

(53.9) oT'' ^ hr = hr = 0. 

If we put 5^“ = ep, where e is defined bj’ (43.3), it follows 

from (53.9) and — 0 that 


(i?^^ - p il’ hr = 0, -- p J'* = 0, 


and since the n + 1 vector-fields and 5“ are independent, we 
have 


=-■ 0 . 


* From (47.8) it follows that the functions p are zero in this case, 
flu this section and the next Greek indices take the values 1, • . *, n + 1 and 
Latin 1, • • •, n. 
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Hence (§ 34) we have: 

If a In+i admits a hypersiirface Vn with indeterminate lines of 
curvature and Si is constant, the normals to Vn are Ricci principal 
directions for Vn^i at points of Tn.* 

We seek the canonical form of the fundamental tensor of Vn+i, 
in order that there may exist oo ^ hypersurfaces with indeterminate 
lines of curvature. To this end we choose the coordinate system 
so that 2 /”+^ — const, are the hypersurfaces and we choose their 
orthogonal trajectories for the curves of parameter 2 /”+^. Then 
we have 

(53.10) ftn+li C/i-fi Hnfi {i = 1, • • •, w). 

The contravariant components of the normal vector are 

(53.11) V -= 0, = -f-- 


At points of any hypersurface ^ = const., and Otj = y^j 

for e, — 1. • • •, n. Consequently equations (43.10) become in 
this case 


(53.12) 




SI 


_ 

7/1 


) -« I _ 1 _ . 
1 ISn-rl 


For fi ~ n-\- 1 these equations are satisfied identically. For 
= 1 . • • • , n we obtain 




^ -0 


From these equations and (53.10) we have 


l>M+l,/f]a = a„k j [^= 


and consequently 
(53.13) 


8 log I- Ojk 

8y>»+i 


* For = 0 this theorem is due to 
Struik, 1922, 8, p. 143. 


- - Hnn. 
a 

Ricci, 1904, 2, p. 1239; for 4= 0 to 
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Conversely, when (53.10) and (63.13) are satisfied, equations 
(43.10) for the values (53.11) lead to (53.2). 

When 12 + 0, it follows from (53.13) that the ratio of any two 
of the functions ajk for jjc = 1, • • •, n must be independent 
When 12 = 0, the functions Ojtc are independent of 2 /”+^. Hence 
we have: 

A necessary and sufficient condition that a Vn+i admit a family 
of hypersurfaces with indeterminate lines of curvature is that its 
fundamental form he reducible to 

(53.14) sp = Aaydfdyi + Bidf^^^Y (i,j = l,-*-,n), 

where an are the functions of • • • , and A and B are any 
functions of according as A involves or notf 

12 is diffei^ent from or equal to zero. 

As a corollary we have: 

If a space admits a family of hypersurfaees with indeterminate 
lines of curvature, their orthogonal trajectories determine a con- 
formal correspondence between them. 

If a VnJfi is conformal to an Sn+i, and the coordinates ^ are 
chosen so that 

(53.15) y == 

ce 

the conditions of the above theorems are satisfied by any of the 
coordinate hypersurfaees. If 0 does not involve then from 

(53.13) it is seen that 12 = 0 for the hj^persurfaces = const. 

Since any Sn in the to which F„+i is conformal can be 
chosen as a hypersurface ^ const., we have: 

If a Vn-{ 1 is confm mal to an Sn • 1 , the hypm surface of Fn+i 
cerrespi/nding to any Sn iti the Sn^\ has indeterminate lines of 
curvature. 

Another way of stating this result is that in such a 7n+i at 
each point and in each direction there is a Vn with indetermin- 
ate lines of curvature. In order that a Vn-^ri for n'>2 may 
possess the latter property, it is necessary that equations (53.6) 
be satisfied by every orthogonal ennuple in In § 37 we 

saw that in this case Fn+i must be confomal to an Sn^i. Hence 
we have the theorem of Schouten*: 

♦ 1921, 2, p. 86. 
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A necessary and suffwient condition that at each point and in 
each direction of a Fn+i for n>2 there is a hypersurf ac£ with 
indeterminate lines of curvature is that the Fn+i he conformal to 
an Sn^i. 

54. Totally geodesic varieties in a space. If all the geo- 
desics of a V,t are geodesics of an enveloping Fn+i, the former 
is called a totally geodesic hypersurface of Tn+i. These hyper- 
surfaces are an evident generalization of the planes of euclidean 
3-space. 

From (44.5) we have that a necessary and sufficient condition 
that a be a totally geodesic hypersurface is that 1/12 = 0 
and from (44.3) that 

(54.1) il,j = 0 ii,j = 1, . . . , n). 

Then from § 45 we have: 

The lines of curvature of a totally geodesic hypersurface are indeter- 
minate 

Since -Q, as defined by (53.1), is zero, the first theorem of § 53 
applies to totally geodesic hypersurfaces. 

Prom (54,1) and (51.20) we have 

(54.2) = 0 {hy A: = 1, . . . , w). 

In consequence of (51.17) we have from (51.15) 

(54.3) 

Hence we have: 

The normals to a totally geodesic hypei'surface are parallel in the 
encelop'ing space, 

^^'e shall not write down the systems of differential equations 
determining a space admitting a totally geodesic hypersurface, t but 
will consider the case when there are oo’ such hypersurfaces. 
From the second theorem of § 53 we have: 

A necessary and sufficient condition that a Fnt-i admit a family 
of totally geodesic hypersurfaces is that its fundamental form he 
redujclhle to 

(54.4) y = an dy^ dyi B (d!y" ^^)* (/, > = 1 , • • • , «), 


♦ Cf. RicH, 1903, 2, p. 412. 
fCt.Ricci^ 1903, 2. p. 414. 
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where cnj are independent of B fs any Junction oj 

the y^8* 

As a corollary we have: 

If a apace admits oo^ totally geodesic hypei'surf aces y thetr orthogonal 
trajecto’Hes determine an isometric correspondence between them A 
When all the geodesics of a Vn in a for m > n + 1 are 
geodesies of F^, we say that F» is totally geodesic. Since the 
matrix l|?<r|“|| is of rank m — n, it follows from (48.5) that 
\(Ky^ A necessary and sufficient conditton that a F;, tmmersed in a F^ 
he totally geodesic is that 

(54.5) = 0 (o'--w + l, 1. -. .n). 

From (48.3) we have; 

If any vector in a totally geodesic suh-space of a Vm ts trans- 
ported parallel to itself along a curve, it moves parallel to itself 
also in Vm- 

Also from the results of § 52 we have : 

A totally geodesic sub-space of a Vm is a mtnimal variety of Vm- 

Exercises. 

1. A minimal surface in any is characterized by the property that its 

lines of length zero form a conjugate system, and it is a surface of translation 
in the sense of Ex. 4, p. 176. Bompiani, 1919, 2, p. 841 

2. The equations 

x= if ~~ uff + + (fo «oyo + »''o, 

iij = —Uif' — tl^' — qo-^ Uo(fo+y>o, 
z— ih MV/' — </' + V'o~ «oV^o-- «3 Po7 

it = — V’ + MV-'' '/'o~MoV'o-f vi, 

where q> and V^ are arbitrary functions of u, and q© and ii>o of m©, and where 
primes denote differentiation with respect to the argument, define a minimal 
surface in euclidean 4-space. Ei mi hart, 1912, 1. p. 224. 

3. If /(x -f- iy) is an analytic function and 

/ (x -f iy) = u (x, y) -f i v (x, y), 

the equations 

X = X, y = y, z = H(x,y), t — ii{x,y) 

define a minimal surface in euclidean 4-space. Kommerell, 1905, 2, p. 586. 

''This theorem for w = 2 is due to Hadamard, 1901, 2, p. 40; for any n 
Ricci, 1903, 2, p. 412, derived the result for the case ~ 0 (i + j); cf. also 
Bompiani, 1924, 5, p. 122. 

t Cf. Bompiani, 1924, 5, p. 122. 
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4. A necessary and sufficient condition that all the lines of curvature of a 
be indeterminate at a point is that at the point 

= eoffs (o = »» + l. •••,»!). 


Such a point is called an umbilical point Show that at an umbilical point 
the osculating geodesic variety is determined by and the mean cun’ature 
normal. Struik, 1922, 8, p. 106. 

5. When the lines of curvature of a bypersurface of a space of constant 
curvature are indeterminate, the hypersurface has constant curvature and 




6. A necessary and sufficient condition that a for w>2 admit at each 

point and in each direction a with indeterminate lines of curvature and 
that a be the same constant for all the F^’s is that F^^, have constant Biemannian 
curvature. Schouten, 1924, 1, p. 181. 

7. A necessary and sufficient condition that for an orthogonal ennuple the 
congruence be normal to a family of hypersurfaces with indeterminate lines 
of curvature is that 

yfthk — ^ (A. fc = 1 , • • — 1 . : /i 1 /.•), 

^'n1\ >'n2« ’ ’ ’ 1 In 1 * 


8. When a F^ admits p independent fields of parallel vectors, the congruence 
of curves (»f each field are the orthogonal trajectories of a family of totally 
geodesic hypersurfaces. 

9. A necessary and sufficient condition that a F„ be totally geodesic in a F^, 
is that 

8' y"' ) A 1 9.v"' 4_ J I -n 

dx' dr-' I / j I p dr* dx^ 't, A’ =].•••. « > 


10. When a F,,^ admits oo‘ totally geodesic sub-spaces they detennine 
^ n-fi which they are totally geodesic hypersurfaces. 

Bompiani, 1924, 5, p. 123. 

11. When a F,„ admits oo* totally geodesic sub-spaces the tangents to 
their orthogonal trajectories at points of the same are parallel M'ith respect 
to F^. 

12. Show by means of (47.4) that a necessary and sufficient condition that 
the sub-spaces = const, for o = n-f 1, • . m of a F,„ with the fundamental 
form (42.2) be totally geodesic is that 


) I 

1 iJ (• 


= 0 , 


f* \ 

. = i M 

(i, j, k = l • 


1 iJ 1 

1 I. 

\(r = w 4- 1. . 

. •, m 1 


where the Chrisioffel symbols 



formed with respect to dy* dy^ (i.j =1 •••.«). 
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t3. When the fundamental form of a is 

g, = a^d 3 /‘dy^+a„d!^di^ (o, r = 1+ »»l’ 

where the functions are independent of y**+*, • • *, t/^% the sub-spaces = const, 
are totaUy geodesic in Bompiani^ 1924, 5, p. 124. 

14. When two totally geodesic sub-spaces of a 7^ intersect, the variety of 

intersection is totally geodesic in 7^^. Struih 1922, 8, p. 97. 

15. If the order of the osculating geodesic varieties at points of a 7^ in a 7^ 
is less than m (§ 49), then for each value q <m--T there are an ioduity of 
sub-spaces 7^^^^ with respect to which 7„ is totally geodesic. 

Struik, 1922, 8, p. 113. 

16. If a 7^ lies in a 7^ for w>n-f 1, for each value of q < m — n — l 

there are an infinity of sub-spaces of 7^^ in which the curves of a given 
congruence in 7^ are geodesics. Struik, 1922, 8, p. 113. 

17. If a 7^ lies in a 7^ for m>w-f 1, for each value of q^m — n — 1 

there is an infinity of sub-spaces with respect to which 7„ is a minimal 
variety. Struik, 1922, 8, p. 114. 
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Sub-spaces of a flat space 

55 . The class of a space K„. In § 10 it was shown that 
a necessary and sufficient condition that there exist for a space Vn 
a coordinate system in terms of which the components of the 
fundamental tensor are constants is that all the components of the 
Riemann tensor in any coordinate system be zero. We have called 
such a space a flat space and have denoted by Si, a flat space 
of }i dimensions (§ 26). For an Sm there exist real coordinates < 2 ® 
in terms of which the fundamental form is 

(55.1) y = ^(‘aidfc^y (a = 1 , •••. m), 

ct 

where the r’s arc plus or minus one according to the character 
ot the space. There are other real coordinate systems in terms 
of which y assumes the form (55.1), but the number of positive r‘s 
and of negative r’s is the same for all of these systems. In par- 
ticular, when all of the r's arc plus one, S„,, is a euclidean space 
of m dimensions and the z's are cartesian coordinates. When y 
for any S^ assumes the form (55.1), we call the coordinates rrfrfes/a?h 
In order that a space T « with the fundamental form 

(55.2) — ffijda^dxj 


be a real sub-space of S^, it is necessary and sufficient that the 
.system of equations (cf. § 16) 


(55.3) 


da* dxJ ' 


admit m independent real solutions 


(65.4) 


2 " == /“ (a;', • • •, x”) (a = 1 , • • •, »»)■ 
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The signs of the c’s in (55.3) depend upon the charactei* of the 
form ( 55 . 2 ). In fact, from the theory of matrices* and (55.3), it 
follows that the determinant g — \gij \ is equal to the sum of terms 
each of which is the square of a detenninant of order n of the 

matrix with a plus or minus sign according as the corre- 

spending determinant of the wth order of the determinant of (55.1) is 
plus or minus one. Consequently, if g is negative, all of the c’s cannot 
be positive, that is, ! « cannot be immersed in a real euclidean space. 

The coordinates jr' can be chosen so that at any point of Vn the 
form ( 55 . 2 ) involves only squared terms Avith plus and minus signs. 
Since n of the can be identified with .r’s at the point, we have 
that (55.1) at the point must have at least as many positive and 
as many negative c’s as there are positive and negative terms in 
the reduced form of (55.2) at the point. Thus, for example, one 
of Einstein’s postulates concerning the space-time continuum F 4 of 
general relativity is that at each point the fundamental form is 
reducible to — {dx^Y —{dx^f — (r^a.-^)*. Consequently, for 

a flat space in which can be immersed om^ of the r’s must be 
positive and three negative. 

If (55.2) is a positive definite form and we take all the. r's equal 
to + 1 in (55.3), we have 11 (?# + l)/2 equations for the determination 
of the ^’s. If we take m = ?i(w+l)/2, we have a S 5 ^stem of 
equations which admits in general real solutions in accordance with 
the theory of partial differential equations. Thus a Vn with a positive 
definite fonn can be immersed in general in a euclidean space of 
n(w+l )/2 dimensions. Similar results hold when (55.2) is not 
positive definite and the (’s haA^e been chosen in accordance AA'ith 
the preceding observations. 

We have just seen that in general a Vn can be immersed in a flat 
space of n{n+l)/2 dimensions. However, it may be immersible in 
a flat space of a lower order. If the lowest order is 7 ? f p, we say 
that Vn is of class p,f 

Consider, for example, the space- time continuum outside 
a symmetric mass 7n with the SchAvarzschild formj 

*§ 31. 

t JRtcct, 1898, 2, p. 75; also, Stmik^ 1922, 8, p. 99. 

^ Cf. £x. 6, p. 93. 
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(55.5)?. = r*(d6* + sin*6d?.*), 

^ r 

where r>2m. If we put 

cos t, = |/ ~ sin t, !» = fir), 

r=. r sin 0 cos y, — r sin B sin y , — r cos B, 

where f{r) is such that 

then (55.5) becomes 

y = {clz^Yj^(dzy^^{dzy—{dz^f — {dz^y 


Hence the given \\ can be immersed in a flat space of six dimensions, 
and consequently its class is two or one. From the results at the 
end of § 59, it follows that p = 2.* 

56 . A space of class p > 1 . If Fn with the fundamental 
form (55.2) is of class p(> 1), the enveloping flat space Sm-^p has 
the fundamental form (55.1) in which a = l,***,n+p. Let ^«r|* 
denote the components of p mutually orthogonal unit vectors normal 
to Vn\ then we have 

(56.1) == = 0 

a o 

(<r, r ~ w + 1, • . .. n-rp\ o' + v).t 

The equations for this case analogous to (47.4) and (47.9) are 

(56.2) Z ^ij = Off hoiij tjal 

e 

and 

(5b. 3) l^tfl j ■— — ^a\lj 2 ^ ^Ta\j Vt\ 

T 

(a,T = w + 1, •••. n+p), 


* Cf. Kasner, 1921, 6, p. 130. 

fin this and the next section, unless stated otherwise, Greek indices take 

the values 1 , . • • , n H-p and Latin 1, • • • , 
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where for each o and v the quantities Prau are the covariant com- 
ponents of a vector, subject to the conditions 

(56.4) ^Ta\J-\-^crU = 0, PctrlJ = 0. 

The conditions of integrability of (56.2) are reducible to [cf. (47.11) 
and (47.12)] 

(56.5) ^^ijkl {ba\ik jl 

a 

and 

(56.6) ha\ij,k ^a\ik,j Gr {Praik br\ij PTa\J^T\ik)y 

T 

since the components of the Riemann tensor for Sm are zero. By 
means of these equations the conditions of integrability of (56.3) 
reduce to 

;H 1, - 

^Ta\j,k ^Ta\kJ 4" ^ ^Q(r\k ^^\k 

(56.7) , ^ 

+ /’" (fcrlO huk ba\,„j) ■- - 0.'* 


Conversely, if we have a symmetric tensor gij,p symmetric tensors 
haiif pip — 1)/2 vectors PctH == (— ^toh) satisfying (56.5), (56.6) 
and (56.7), the conditions, of integi^ability of (56.2) and (56.3) are 
satisfied. If we put 

(kt Z ,i Z J ffij ^ ,7 ^a\if 

a a 


( Ca ^t| ^ct 


eac — ea. Par — 0 (o' ^ '^)t 


then Aij are the components of a tensor, Bo\i of p vectors and Ctrr 
are invariants in F«. If we differentiate tliese equations with respect 
to a* and make use of (56,2) and (56.3), we find that the first 
derivatives of Aij, Ban ^<rr are equal to expressions linear and 
homogeneous in these functions. In like manner the derivatives 
of any order are linear functions of these quantities and of the 
derivatives of lower order. Hence if we choose a set of solutions 
of (56.2) and (56.3), whose initial values satisfy 


* Cf. Ricci, 1898, 2, p. 90. 
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2^Caile\“z'‘,i = 0 , 

a 

2 c« ?ff|“ Vt\“ = 0 (<r 4 t), 

a 

these conditions will be satisfied by the functions for all values of 
the x*8. Since there are (n+j9)(w + 2 > + l)/2 of these conditions 
on the (w+^)* functions- and the desired solution involves 
(n+p)(n+p—l)/2 arbitrary constants in addition to n+p additive 
arbitrary constants, arising from the determination of the ^’s by 
the integrals 

(56.9) ~ 

These results obtain for an arbitrary choice of the c’s in (56.8). 
These can be chosen so that for a domain of the the set of 
solutions are real. In fact, if the coordinates are chosen so 
that at a given point P we have g^j = 0 (t ^ and we make the 
choice 

a = gu (^’= 1 , •••,w), r<r = (o' = n + 1, •••, 

where the e’s appear in (56.5), (56.6) and (56.7), the conditions (56.8) 
are satisfied by the values 

a jM 

Z — o,- , — Off 

at P, and thus for a domain in the neighborhood of P we have 
real solutions, and consequently a real Sn^rp enveloping the Yn with 
the fundamental tensor g^. 

As previously seen, the desired type of solution of equations (56.2) 
and (56.3) involve (w+jp)(n4-i? + l)/2 arbitrary constants. We 
give an interpretation of the significance of these constants by ob- 
serving that, if and ^ff® are a set of solutions, so also are 


(56.8) 


^ a u 

,iZ J — ffij, 
a 

= Be, 


(56.10) 


«« = a%2^ + 6“, 

/«. ^ = 1, •••. \ 

\ ff = n + 1, •••, n+pl' 


(56.11) 
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where the a’s and b*s are constants, and that the conditions (56.8) 
are satisfied, if the constants satisfy 

(56.12) Z < „ («V* ^ ® 

Because of these (n-{-p) (w+jP+l)/2 conditions, (w+2))(n4*i? — 1)/2 
of the constants a“/s and all of the 6 ’s are arbitrary. Hence the 
general solution is obtained from a particular solution by means 
of (56.10) and (.56.11). From (56.10) and (56.12) it follows that 

y =Z<o{dz’'f=Z<-aid^)*, 

a a 

and consequently equations (56.10) and (56.12) define in cartesian 
coordinates the most general motion (§ 27) of the Sn-\rP itself. 
Generalizing the ideas of motions in euclidean space, we say that 
the a’s determine a rotation and the &’s a translation. Thus we 
have that different sets of solutions of (56.2) and (56.3) define Fn s 
which are superposable by a motion in Sn-^rp- Hence the foregoing 
results may be formulated as follows: 

In order that a symmetric tensor gij,p symmetric tensors ho\%j and 
jp(^— 1)/2 vectors Varu (=- fov ij = 1, • •, w, (X, r = n+1, 

..., n + 2 ^ determine aVn with (jy as fundamental tensor immersed 
in a real it is necessary and sufficient that these quantities 

satiny equations (56.5), (56.6) and (56.7); the fundamental form 
of Sn-\p is determined by the first of (56.8), and Vn is determined 
L unthin a motion in Sn-^p, 

From the definition of the class of a Tn it follows that equations 

(55.3) admit solutions (55.4) when a — n-\-p. Evidently the 
equations (55.3) for « — n-\-p~\-r admit solutions of the type 

(55.4) , and if r of these solutions are not constants, the given Vn 
is a sub-space of an Sn-^p^r- For the cases when r — 0 and 
r 4 0 the geometric properties of Vn depending entirely upon its 
fundamental form, that is, the intrinsic properties, are the same. 
But this is not true for geometrical properties depending upon the 
enveloping space. We are familiar with this idea in the case of 
surfaces of euclidean 3-space and those of euclidean 4-space. 

57 . Evolutes of a K„ in an Sn^p- The coordinates of a point 
on the normal of components to a 7n in an Sn^p are given by 

(57.1) Zc\^ = 
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In order that the point with these coordinates shall undergo a 
displacement tangential to the normal, when the corresponding point 
in Vn is displaced in Fn, it is necessary that 


dzai"" 


%\ 


I 


(« = 1 , . • + 


where 1 is an invariant, or, in consequence of (57.1), 




If this equation is multiplied by and summed for a, in con- 

sequence of (56.1) and (56.3), we find that I = dQy so that these 
equations become 

(57.2) I Qfla\'",t)d3(^= 0. 

If (57.2) be multiplied by Ca (^ + o') and summed for a, and 
also by j and summed for a, we obtain the respective sets 
of equations 

(57.3) , dx^ = 0 (r — n + 1 , • • • , n + j;) 
and 

(57.4) {gx,—qhc\ij)dx^=^0 ihj l.---.w). 


Conversely, for a displacement in F» satisfying (57.3) and (57.4) 
the conditions (57.2) are satisfied. 

As in § 50 we say that the congruences defined by (57.4) con- 
sist of the lines of curvature of Fn for the normal and the 
roots of the determinant equation 

(57.5) — == 0 


are the coiresponding principal radii of normal curvature for the 
vector When, in particular, the directions of a line of curv- 
ature satisfy (57.3), we say that the Fn defined by (57.1) is an 
evolute of the given Fn. 

Suppose that for a root of (57.5) the direction determined 
by (57.4) satisfies (57.3) (or one of the directions, if is a multiple 

IS 
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root). If we take these curves for the curves of parameter a-', 
from (57.1) and (57.2) we have 


^<r| ,1 




9gi 
dz‘ ’ 


a 

sr 


a I a I ^ « 

(r == 2, n). 


If ^<r|y denote the components of the fundamental tensor of the 
corresponding e volute 7<r|, we have 


— «o\ 9 ^l) > ffollr 


Consequently the fundamental form of V^i can be written 
(57.6) e<f dx^ dxf (r, 5 = 2. • • • , w)^ 


where ^c\ra are determinate functions. Hence the varieties pi == const, 
in 7ff| are geodesically parallel (§ 19) and have for orthogonal 
trajectories the curves^ of parameter pi; these are geodesics in Fa|.* 
Conversely, let a Vn in an Sn\p be referred to a family of geo- 
desically parallel hypersurfaces whose orthogonal geodesics are not 
null curves, and take thejatter for curves of parameter x'; then 
the fundamental form of Vn is 

(57.7) Cl {dx^y + Jrs dxf dxf (r, 5 = 2, • • w). 


Let be the coordinates in Sn-\-p of points of the y», then 

d X 

are the components in the ^r’s of the tangents to the curves of 
parameter xK Moreover, from (57.7) it follows that 


(57.8) 



a 


def Dg? 
8a;' daf 


= 0 , 


and from the first of these we have 


( 57 . 9 ) 


^ d^i 9 ^^ 
dx'dx‘ 


= 0 


(* = l,-..,n). 


* This is a generalization of a well-known result concerning the evolute of 
a surface in euclidean S-space; cf. 1909, 1, p. 181. 



If we put 
(57.10) 
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a n / 1 I \ 

Z == 

where a is a constant, we have by differentiation 


9/ , , , . 9%f 

_ = -(** + «) 


8a^*’ daf daf 


0a;' 933^ 
(r= 2 , •••,«). 


In consequence of the second of (57.8) and (57.9) we have 
2 ^ ^ 0 / dz^ 


003* 0a;' ^ 


(^ = l,.-*,w), 


whatever be a. He^ce equations (57.10) define a family of F^s 
of which the given 7,, is an evolute. 

58 . A subspace V„ of a F„ immersed in an In 

this section we shall derive the equations of § 47 from the equations 
of § 56 by considering 7^ as immersed in an *We let the 

coordinates of 7n be a;*, those of Vm be and of be 
There are m — w+p mutually orthogonal non-null vectors in Sm^p 
normal to Vn\ we denote by fja\^ for (r = w+ 1 , w the com- 
ponents in the ^-’s of these vectors which lie in Vm and by ^^ 1 “ for 
^ m + 1 , • • •, m + p the components of the vectors normal to 
both Vm and 7n at points of the latter. 

From the equations 

/CQ \ a 9^ ti 

(58.1) 

we have by covariant differentiation with respect to and the 
fundamental form of 7n 

(58.2) /.<; = 

For Vm immersed in 8m-\-p we have equations of the form (56.2), 
namely 


♦ In this section i, j = 1, . . n ; 1, v = 1, . . m ; a = 1, • • •, w -fjP • 



196 


V. Sub-spaces of a flat space 


y-Q Qs 9*2^ I Z \ dz^ VI « 

WW~ ~ f 

(^ ^ m+1, ..., m + i^), 

where ] I are formed with respect to the fundamental form 

of Vmf namelj’ 

(58.4) 

In like maimer for Vn immersed in Sm^p we have 


(58.5) == ^a\v \\tj t/el 

<r Q 


a /fl^= w+l.**-^wi; ' 

w+l,---,>w+p, 


2 

If ?<ri are the components in the i/'s of the vectors in the ; 2 ''s, 
we have 

(58.6) ria\ — Jffi . 

Substituting the expressions for — -- from (58.3) in (58.2) 

dy^ dy 

and for from (58.6) in (58.5) and subtracting the resulting 
equations, we have 






Since the determinant of the quantities and fia\^ is not zero, 


we have 


/.V y*.' y'j +2^* ’ 


(68.8) 6,»-w 

If we differentiate equations (58.6) with respect to xJ , we have 
in consequence of (58.3) 

V«“.J =- ^ iai’' y'\j n?" • 
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From (56.3) and (58.6) we have 
* (58.9) ^Tff\J ?T(^ 

Subtracting these equations and proceeding as above, we obtain 


(58.10) ?<r| J — ^<f\lj0 y I I y^J^a\ ~h JS ?r| » 

\fiVia T 

/roii\ __ i: ^ r /cr, r = n+ 1, • • m;\ 

(08.11) .;?oi . \g:r=rn+l,-..,m+pj- 

Equations (58.7) and (58.10) are of the form (47.4) and (47.9) 
respectively, where 

(58.12) /;<r|v = rr<f\J == y'relJ == W + 1 ••*.»»). 


If the expressions for h^\ijy v^cij, ba\ij and Vrau from (58.8), (58.11) 
and (58.12) are substituted (56.5), (56.6) and (56.7), and we remark 
that from (56.5) and (58.3) it follows that the components of the 
Eiemann tensor of Vm are given by 


^XpLm 




the resulting equations are reducible to (47.11), (47.12) and (47.13) 
respectively. 

59. Spaces Vn of class one. When Vn is of class 1, we have 
in place of (56.2) and (56.3) 

(59.1) z^^ij — ehijfi^ 
and 

(59.2) .9'“ 


The conditions of integrability of these equations are 


(59.3) 


= eihik hji — hii hji^ 
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and 

(59.4) hij^k — hikj = 0, 
in place of (56.5) and (56.6). 

From considerations similar to those of the preceding sections 
we obtain the theorem: 

In order that 

(59.5) y = rfijda^dx^y ^ = hijda^dx^ 

he the first and second fundamental forms of a space Yn immersed 
in a real Sn-\-L, it is necessary and sufficient that (59.3) and (59.4) 
he satisjied\ then Vn is determined to mthin a mofimi in ^n+i. 
The roots of the determinant equation 

(59.6) \I^h,,—g,j\ = 0 

are the principal radii of normal curvature of In in the Sn-\i, and 
the congruences of curves defined by 

(59.7) ^ 0 

are the lines of curvature of Vn (§ 45). Since (57.3) are satisfied 
identically in this case, it follows that the normals to Fn along 
a line of curvature are tangents to a curve, and that these curves 
lie in the sheets of the evolute of Fn, just as in the case of surfaces 
of euclidean 3-space. 

If the elementary divisors of (59.6) are simple, there are n families 
of lines of curvature, whose directions at any point are mutually 
orthogonal and are not null directions. At any point P the coordinate 
system can be chosen so that these are the coordinate directions. 
Hence at P in this coordinate system we have 

rna Q\ ~ = ^ (^ + = 0 (/a 4 = 0 ; 4 /* = 1 ; 

(59.5) j 

hij = 0 (i 4" J), 

If we denote by rhk the Eiemannian curvature for the orientation 
determined by and we have from (25.9), (59.3) and (59.8) 


(59.9) 


"" RnEk' 
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Since these quantities are invariants, we have the theorem: 

When a Vn ts of class one and the elementary divisors of (59.6) 
are simple, the Riemannian curvature at a point for the orientation 
determined hy the directions of two lines of curvature at the point 
IS numerically equal to the product of the corresponding normal 
curvatures-, the sign is determined hy the character of ike normal 
to Vn in the enveloping 8n+\* 

From (59.3) we have for the components of the Eicci tensor 
(59.10) Rjk == eg^^Q>ikhji — btihjk)* 


Hence at a point for the coordinates such that (59.8) hold we 
have 


(.59.11) 


1 , ,» 

Jljj — Cthtt, Rjk = 0 

* 4 ^.; 


0 + 


From these equations and (34.4), we have: 

When a Vn is of class one and the elementary divisors of (59.6) 
are simple, the Rica prinapal directions coinade with the directions 
of the lines of curvature.^ 

We seek now under what conditions Rjj = 9 for ^ = 1, • • • , n 
in (59.11). These conditions are satisfied, if one of the 6’s, say On, 
is not zero, and all the others vanish. Suppose now that i)(>l) 
of the O’s do not vanish, say On, « • • , hpp, and that the others 
vanish. Then we must have 

(59.12) b„ = 0 0 = 1. • • ■ , 


Subtracting two of these equations for^ = r, s, we get erhrr = e«0w. 
Since this must be true for r, a = 1, • • •, i?(r :}= a), it follows 
from (59.12) that all of these O’s are zero contrary to hypothesis. 
Hence at most one of the O’s can be different from zero, and then 
from (59.3) it follows that the components of the Eiemann tensor 
are zero. Since this situation must hold at every point of Vn, the 
latter is of class zero and not of class one. Hence we have: 


*This is a generalization of the theorem of Gauss for surfaces in euclidean 
3>8pace, cf. 1909, 1, pp. 120, 155. 

t Schouten and Struik, 1921, 8, p. 214. 
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There are no spaces of class me for which all the compments of 
the Ricd tensor are zeroJ^ 

6o. Applicability of hypersurfaces of a fiat space. For 
a space Fg with the fundamental form 

( 60 . 1 ) - ff^j dx-f 

equations (59.3) and (59.4) for e = 1; /,./ 2 are the Gauss 

and Codazzi equations of a surface in euclidean 3-space. The 
problem of finding; other surfaces applicable to the given Fg, that 
is, with the same fundamental form (60.1) is the problem of finding 
sets of functions satisfying these equations. It is of the generality 
of a partial differential equation of the second order, i and thus 
there arc many surfaces applicable to a given surface. When w > 2, 
this is not the case. In fact, it will be shown that 
If a Fn is of class one, real quantities are determined hy (59.3) 
to tvithin sign, if one of the determinants of the third order of the 
Vs is not zeroX 

Since by liypothesis the rank of the determinant h -- | | is at 

least three, the coordinates can he chosen so that at a point P 
we have h,r + 0, hrs -= 0 for r, 1 , 2, 3 and r 4 s, and thus 

(60.2) P- 4 0 1,2,3). 

AVe considei’ first the possibility of two sets ol solutions hy and hy 
of (59.3) for e ~ 1 and e — —1 respectively. If Brs d(^otes the 
cofactor of Ihs in B and similarly Brs tor the determinant B — - 1 hrs\, 
it follows from (59.3) that P,s = — Since 

(60.3) |P,J - B\ 

we have that P“ - — P^ Consequently it equations (59.3) and 

(59.4) admit a set of real solutions for c = 1 or — 1 , the solutions 
are imaginary for c — — 1 or 1. Accordingly as we are concerned 
only with real solutions, e must be the same for both sets of 
solutions and consequently P,, Brs and trom (60.3) P= := P*. 

* Kasner^ 1921, 7, p. 126; also Schouten and Struik, 1921, 3, p. 215 
t Cf. 1909, 1, p. 331. 

tCf. Killing^ 1885, 1, pp. 236-237; also Bianchi, 1902, 1, p. 465. 
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B = ±B. 

Since the cofactor of Brs in (60.3) is hraB* we have in consequence 
of (60.4) 

(00*5) hra — ±:hrs (r, 5 = 1 , 2, 3). 

From the equality 

(60.6) brr bat bra brt brr bgt bra brt iXi ^ — 1 j 0 i ^ 1 > • * • > w)^ 

from (60.5) and brr ^ 0^ bra = 0 (r 4" «)> we have 

(60.7) brt =- ±hrt (r=- 1,2,3; /==], ..,n). 

Again if in (60.6) we take r -- 1,2,3 and s,t ~ 1 , • • • , w, we 
obtain 

bat ^ ±bat is,t ^ 1, . . n) 


and the theorem is proved. 

From (59.6) it is seen that the case where the rank of the 
determinant is less than three is that for which n — 2 of the roots 
of (59.6) are infinite, and from (59.9) that the Riemannian curvature 
is zero for all but one of the orientations determined by the lines 
of curvature of Fn. Hence the preceding result may be stated 
as follows: 

A hypersurface m an 8n-\-i for n ^ 2 is mdeformablcj if more 
than tivo of its principal radii of ammture are finite, or, in other 
wordsj if the Riemanman curvature determined by more than one 
pair of directions of the lines of curvature is not zero. 

It should be observed that, although the functions by are deter- 
mined to within sign by (59.3) for n 2, except in the cases 
indicated, the conditions (59.4) must be satisfied also, in order 
that the space be of class one.t 
6i. Spaces of constant curvature which are hyper- 
surfaces of a flat space. In a flat space with the fundamental 
form 

(61.1) <1 (« = 1. •• •,«+«!) 


♦ Of. Bocher, 1907, 1, p. 33 
t Of. Sbrana, 1909, 3. 
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the hypersurfaces defined by 

(61.2) 

a 

where e is plus or minus one, and K is an arbitrary constant, 
will be called the fundamental hyperquadnrs of the space. When 
all the c’s are positive, that is, when the space is euclidean, there 
is only one family of real hyperquadrics; in this case e — 1 and 
the hyperquadrics are hypersphercs. In all other cases (except 
when all the r’s are negative which case we exclude) there are 
two families of such real hyperquadrics, corresponding to e — 1 
and e — — 1 and arbitrary values of R. When the hyperquadrics 
are subjected to a translation in the we get in place of 

(61.2) the equation 

(61.3) 2^0. (/' — &“)" <R\ 

U 

where the //s are the constants defining the translation (§ 56). 
We shall show that the hyperquadrics are spaces Vn of constant 
curvature; we take their equations in the form (61.2). *■ 

Assuming that the are functions of ./* foi ^ so 

that (61.2) holds, we have from (61,2) h} differentiation 

0 . 

(61. 4j “ ^ 

-= q,j. 

a 

From the first of (61.4) and (61.2) it follows that the compon- 
ents fj^ of the unit vector nonnal to Vn arc given by 

(61.5) "" 


When the expressions for from (59.1) are substituted in the 
second of (61.4), we find 

( 61 . 6 ) iv ^-g^. 

* From the results of § 56 it foUows that there is no loss of generality in 
so doing. 
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Now (59.4) are satisfied identically and (59.3) become 

(61.7) liijkl 
where 

(61.8) Ko - 
and (59.1) become 

(61.9) -- -= —KofhjZ^K 

Hence : 

The fundamental hyperquadricH of a flat space are spaces of 
iotistanf Riemanninyi carvatiire. 

We shall prove the converse theorem: 

The fnndame^ital hyperqnadrics are the only hypnsurfaces of 
c(mstant Jhemnnynan curvature of a flat space. 

In fact, if T n is any space of constant curvature, a solution of 
(59.3) and (59.4) is p^iven by (61.6), where J? and c are determined 
by (61.8). Moreover, by the arp^uments of § 60 this is the only 
solution, to within alp;ebraic sign, \i g — \gy \ 4 0. Equations (59.2) 
become 

dtf 1 dz*' 

d.f^ R dz-^ 

ot which the integral is (61.5). if we neglect additive constants, 
that is, a translation in ^n+i. Then (61.2) follows from (56.1) 
and the theorem is proved. 

If are one set of solutions of (61.9), the equations 

(61.10) 

where the a’s are constants define other sets of solutions. In order 
that (61.2) may be satisfied, these constants must satisfy the 
conditions 

< 61 . 1 1 ) Zcc = -- Cfl , Z «“/9 -=-0 (>» 4 r ) . 

cc a 

There are n + 1 and ?^(^^4-l)/2 of the conditions respectively, and 
consequently w(n + l)/2 of the (w + l)* constants are arbitrary. 

We shall show that (61.10) and (61.11) define the most general 
solution of the problem. In fact, if w^e put 
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(61.12) 

and write (61.9) in the form 

dp“i 

(61.13) 

OXj 

the system of equations (61.12) and (61.13) is completely integrable 
in the (w + 1) functions and the n{n-\-\) functions p^i. Our 
problem consists in the determination of the solutions of these 
equations satisfying (61.2) and the conditions 

(61.14) ^CotP^iP^j ^ gij, '^CaZ^p'\ ^ 0, 

u a 

that is, (n + l)(w + 2)/2 conditions, so that the desired solution 
involves n(w + l)/2 arbitrary constants, as was to be proved. 

For any set of the «’s satisfying (61.11) equations (61.10) define 
a motion (§ 27) of the hyperquadric into itself; from the point of 
view of the enveloping -Sn+i, this is a rotation (§ 56) about the 
origin of the cartesian coordinates of /Sn+i. Since the quantities 
p^i determine a direction at a point in 7n, the number of arbitrary a's 
is just sufficient for the determination of a motion which carries 
a point P into a desired point Q, and an orthogonal ennuple in 
Yn at P into a chosen orthogonal ennuple at Q. This result is 
in keeping with the last theorem of § 27. 

62. Coordinates of Weierstrass. Motion in a space of 
constant curvature. In the preceding section the have been 
interpreted as the cartesian coordinates of a flat space Sn^i in 
which a given space Vn of constant Riemannian curvature is 
immersed. If we are concerned only with intrinsic properties of 
the Yn, that is, those depending only on its fundamental fom, we 
may adopt another point of view and treat the 0 ’s as a particular 
type of coordinates, n + 1 in number, in terms of which the 
equations for a space Yn of constant curvature assume a form 
advantageous to the consideration of certain problems. Thus we 
may state the results of the preceding section as follows: 

For a space Yn of constant Riemannian curvature Kq, there exist 
sets of ?^ + l real coordinates 0 “ satisfying the condition 

a ii-O 


(62.1) 


(« == l,-.-,n-Ll), 
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in terms of which the fundamental form of Vn'may be written 

(62.2) <f' — ^Ctt , 

a 

where the ds are plus or minus one according to the character of the 
fundamental form; when one such system isknoivn, others are given by 

(62.3) -- a^^z^, 

where the a^s are constants subject to the conditions 

(62.4) ^ <•„ = c^, 2^ a“ a“ = 0 

(«, + }•). 

When the Vn is defined in terms of any set of codrdinates 
a:*(i — L • • - ^n), the determination of the ^’s reduces to the 
solution of equations (61.9), (62.1) and 

(62.5) 9iJ- 

From (61.4) it follows that a set of w + 1 quantities such that 

(62.6) 2;(«e«,“ = 0 

« 

are the components in the z'% of a vector in Vn\ the components A* 
of the same vector in the a:’s are given by 

(62.7) n - 

K and ^ 2 “ are the components of two of these vectors, it 
follows from (62.7) and (62.5) that 

^ ('a == (ftj ^1*^, 

(62.8) ^ a a 

CC (X "i ^ J J 

V2I = yU^U • 


Consequently, the angle between two unit vectors is given by 
(62.9) COSd = ^ Ca 1i2\' • 
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An equation of the form 

•2'^ + «2 -2^® + • • * + «n+l 2:”^^ ~ 0 

in which the a's are constants defines a hypersurface of the Vn. 
which we shall show is a space of constant curvature. In fact, 
by a transformation (62.3) of the 2's this can be reduced to the 
form = 0. Then from (62.1) and (62.2) we see that the 
hypersurface ” 0 has the same constant curvature as the 
enveloping Vn* 

When all the c’s in (62.2) are positive, it follows from (62.2) 
that the fundamental form of the Vn is positive definite, and from 
(62.1) that A'o is positive for the space to be real. When 0 = 1 
for i = 1, • . Uy cni-i — — 1 and Zo = — l/7\*®, if we solve 
(62.1) for and substitute in (62.2), it becomes 

(62.10) 9. = 

-T J-t I ij j 

* (l.J = 1, . . w), 

from which it is seen that y is positive definite. ]n consequence 
of the first theorem of § 27, when a V„ has a positive definite 
form, it is possible to choose a set ofw + l coordinates in terms 
of which the fundamental form is (62.2) with all the e’s plus one 
or all but one plus one, according as the curvature of Vn is ])ositivc 
or negative. 

If we put == jf/E, the y’s are the coordinates which 
Bianchi has called the point coordinates of Weierstrass, since 
they are a generalization of coordinates used by Weierstrass in 
non-euclidean geometries of two dimensions.* In deriving these 
results for spaces of constant curvature with positive definite 
fundamental forms, Bianchi used a different point of view, which 
seems less direct than the foregoing. We generalize his notation 
so as to apply to spaces of constant curvature with any type of 
fundamental form and call the z’s the point coordinates of Weier- 
sirass and the components the vector components of Weierstrass, 

In the above theorem equations (62.3) and (62.4) have been 
interpreted as a transformation of coordinates of Weierstass into 

• Ct. Btancfti, 1902, 1, pp. 407, 434-444. 



63 . Equations of geodesics in a space of constant curvature 207 


coordinates of the same kind. They serve also as a basis for the 
equations of motion of a space of constant curvature Vn into itself 
in terms of general coordinates. In fact, we have seen (§ 27) that 
the portion of Vn in the neighborhood of a point P can be applied 
to the portion in the neighborhood of another point P. Consequently, 
there exist coordinate systems ard in Vn such that the fun- 
damental forms of Vn in the two coordinate systems are 

(62.11) (f = (jij dcc^ dxj == "gi) dx^ dx^, 


where any 'gij is the same function of the ^’s as gij is of the ar’s, 
and the coordinates have the same values at P as the corre- 
sponding .r» at P. If ^ denote a particular set of solutions of 
(61.9) satisfying (62.1), evidently the same functions of the ^’s are 
a solution of the corresponding equations (61.9) in the ^’s. When 
these expressions for 'z^ and 2 ^ are substituted in (62.3), we have 
the 5 *’s defined as functions of there’s and w(n + l )/2 parameters, 
and thus we have in general coordinates the equations of the 
continuous group of motions of Vn into itself. 

63 . Equations of geodesics in a space of constant 
curvature in terms of codrdinates of Weierstrass. For 
a non-minimal geodesic in a space Vn of coordinates x* we have (§ 17) 


(63.1) 


PP _ ) ^ I dxj da^ 
ds^ \Jkl ds ds 


If Vn is a hyperquadric (61.2) of a flat space, we have in conse- 
quence of (63.1) and (61.9) 


d^z^ dz^^i dx^ 

ds^ dxj ds ds ^ ’* ds^ 


a dx^ dx^ 

^ ds ds 




dx^ dxj ^ 
ds ds 


Because of (61.8) and 


dx^ dx^ 
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the above equations reduce to 


(63.3) 


ds* 



There are two cases to be considered according as eci is +1 
or — 1. 

1''. eei = +1. In this case the integrals of (63.3) are 


(63.4) = 2"cos-^ + i2<8in^, 

where are the coordinates at the point 5 = 0, and lyj are the 
components in the ^^’s of the unit vector tangent to the geodesic 
at 5 = 0, as is seen from the equations 

(63.5) = (_^jsin^ + iZ<C09-^)l. 

Since the expressions (63.4) must satisfy (61.2) for all values of s, 
we must have 

(63.6) jSc„(2")* = .2c„«)* = %. == 0, 

a u a 

which are in agreement with the preceding observations and results. 
From (63.5) it follows that the functions defined by 

(63.7) R>i” = — 2"sin^ + .Bi;“cos~, 

are the components of the unit vector tangent to the geodesic at 
the point of coordinates 2 ". From (63.4) and (63.7) we have 


(63.8) 


2 " = 2“cos^ — i?(7“sin^, 
= 2“sin^ + E^‘'cos^, 


which reveals the reciprocal character of these formulas. 
From (63.4) and (63.6) we have 

2c„( 2“— 2j)* = 4eiPsm*^, 
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and consequently the distance in the enveloping space between two 
points whose geodesic distance is s is 2JSsin^^. From this it 

foUows that two points coincide whose geodesic distance is 27^12; 
this is seen also from (63.4). Hence: 

In a space of constant curvature the geodesics for which eei = 1, 
where e is defined hy (61.2) and Ci by (63.2), are closed curves of 
length 27tE, 

From (63.7) we have 

(63.9) 2 = e cos . 

« Jti 

Consequently the angle, as determined by the metric of the enveloping 
space, between the tangents is s/B or n — s/By according as eis 
+ 1 or —1, whereas from the definition of parallelism these 
tangents are parallel with respect to the curve in the metric of 
the given Vn (§ 21). 

2°. eci “ — 1. The integrals of (63.3) are 

(63.10) ^ cosh^ + i?^“ sinh 

The components of the unit vector tangent to the geodesic at the 
point of coordinates are given by 


(63.11) Bfj“ = sinh cosh — . 

Since 

.Sca(^— ^o)' = 2e/?*|l— cosh“j -- — 4e-B*sinh*-^, 


we have that the distance in the enveloping space of two points, 

s 

whose geodesic distance is s, is 2i^smh Moreover, since 




t 


ecosh 


s 

B^ 


we see that in calling the left-hand member the cosine of the 
angle between the tangents (§ 16) the term cosine is a mere notation. 


14 



210 


V. Sab-spaces of a flat space 


When, in particular, the fundamental forms of the spaces of 
constant curvature are positive definite, we have Ci = 1 , and 
consequently the cases 1 ^ and 2 ° apply respectively to spaces of 
positive and negative constant curvature.* 

When the fundamental form of Vn is not definite, there remains 
for consideration the case of minimal geodesics. If in accordance 
with the observations following equations (17.11) we choose the 
parameter i so that the equations of the geodesics are of the 
form (63.1) with s replaced by equations (63.3) assume the form 

— 0, and consequently in the coordinates of Weierstrass 
the equations of the minimal geodesics are 


(63.12) 




^0 


a / _L 

At i 


Accordingly the components in the ^’s of the tangent vector are 
the same at all points of a minimal geodesic. 

64 . Equations of a space V„ immersed in a of constant 
curvature. As an application of the results of §§ 58 and 61 we 
establish the equations of a sub-space Vn of a s})ace of constant 
curvature in terms of the coordinates of Weierstrass, making use 
of the notation of these sections and observing that p ~~ 1 in § 58. 
From (61.5), (61.6) and (61.8) we have 

(64.1) 7 * 

where a^^ydy^dy*' is the fundamental form of F„i.t 
From (58.8), (58.11) and (64.1) we have 

(64.2) ^ 

= 0 , (o = « + l- •••, w). 


Of. Bianchi^ 1902, 1, pp. 4S4-440, where these results are obtained from 
a different point of view. 

t In this section a = 1 , . . w -f 1; A, /u, y = 1, . . ., m and Latin indices take 
the values 1, • • n. 



64. Equations of a space F. in a F> of constant cnrratnre 


211 


Because of these results and (58.12) equations (58.5) and (58.9) 
reduce to 

(64.3) /,v = 2eofloiv«?o|" — 

C 

(64.4) = — Soioy** m +2^ er j»r<r|; 7 t|“ 

T 

((y,T = n + 1, 

Proceeding as in § 47, we find that the conditions of integrability 
of (64.3) and (64.4) are 

(64.5) Rfjkl = Ca \ik \jl \il ^c\Jk) H“ (^ik ffjl ffil ffjk) y 

fT 

(64.6) S2ff k ■^<7 \ilcj = Cr (ft ra \k ^T\iJ M'ra 1 J -^Tlifc) > 

T 

I J, k \kj “1“ ^ €o (j^(tT\j f^Qfflk ^PTlfe 

(64.7) e ^ 

+g^f^(S2r\ijSia\hk — ^^T\lk^^ff\hj) ^ 0 (^, (T, r = W+1, • • m). 

These equations follow directly from (56.5), (56.6) and (56.7), if 
we make use of (64.2) and (58.12).* In this case we can show 
as in § 56 that, if we take the equations preceding (56.8) for 
<r, T = n + l^*-»^ and 

(64.8) ^ Ca z" ,i = Ei, 2r«(/)* 

a a a Aq 

and choose initial values so that Ajj^ Ban, CVr, Eay Ei and F vanish, 
then they vanish for all values of the a;’s.t 
There are (w? + 1) (m+ 2)/2 of these equations of condition on 
the (w+1)* functions z^. Hence a solution of (64,3) 

and (64.4) satisfying these conditions involves w(w+l)/2 arbitraiy 
constants. We may account for these arbitrary constants by 
observing that, if z^ and i7<rj“ are a set of solutions of (64.3) and 
(64.4), so also are I" given by (61.10) and given by 

*They follow also from (47.11), (47.12) and (47.14), if we note that 

^Xfivn — ^0 “/CT ~ “-Iti • 

t Equations (64.8) are merely forms of (56.8) for 3?in+ii“ given by (64.1). 


14 * 
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y. Sub-spaces of a flat space 


— a et 

fl<f\ = « ^<r\ 1 

where the a's are subject to the conditions (61.11), when « = m+l • 
Secalling the intrepretation of (61.10), we have the theorem: 

When a symmetric tensor gij,{m — n){m — n — 1)/2 vectors y>ra\i{ — g>or\t) 
and m — n tenscyrs iia\ij satisfy equations (64.5), (64.6) and (64.7), 
in which Rq is a constant, the tensor g,j is the fundamental tensor 
of a space Vn immersed in a space Ym of cun^ature Vn is 
determined to within a motion in Fm,. 

When m = w+1, that is, when Yn is a hypersurface of a space 
of constant curvature, we have in place of (64.3) and (64.4) 

(64.9) = eQ^ft-Kogyz\ 

(64.10) 

where the functions 2 “ and are in the relations 

(64.1 1) Zcci^y 4^- Z (7“)‘ '' . 

the r’s being; plus or minus one, such that the equations 

(64.12) 2 Ca 2 “ , 2 “ y = g,j 

a 

admit solutions which are real functions of the x's. The conditions 
of integrability are 

(64.13) Rijki = ^ji “t" R^igik gji giigjk)y 

(64.14) ^ij,k 0.* 

When two tensors gij and satisfy these conditions, there exists 
a Yn immersed in a space Fn+i of curvature Kq, which is deter- 
mined to within a motion in the space. 

The arguments applied in § 60 to equations (59.3) apply in like 
manner to (64.13) with the result: 

A hypersurface of a space Yn of constant Eiemannian curvature 
for w>3 ^ indeformdble in theYn, if more than two of the principal 
radii of curvature are finite. 


Of. (43.20) and (43.21). 
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W 6 establisld the following theorem which evidently is a gener- 
alization of the results of §§ 57 and 59 for spaces of class one: 

A necessary and si{fficient condition that the geodesics of a space 
of constant curvature 7n+i normal to a hypersurface 7n of Vn^i along 
a curve C of Vn he tangent to a mrve in 7n+i is that C he a line 
of curvature of Tn-* 

We establish this theorem by means of the results of § 63, 
where and 17 “ denote respectively the coordinates of a point of 
and the components of the normal to Vn at the point, this normal 
lying in Tn-fi. 

We consider first the case when the coordinates of points on 
the geodesics normal to Vn along a curve of the latter are ex- 
pressible in the form [cf. (63.4)] 

(64.15) cos sin 


where 2 ^, Vo functions of which are functions of s 

for the curve. Now 


(64.16) 


dz" 

ds 


- 3 — cos -77 + - 7 — sin 

ds U ds 


JO 

R 


+ 


[— 2Ssin^ + Eii“cos^] 


1 dw 
R~ds' 


In order that the point of coordinates be displaced tangentially 
to the geodesic at the point, we must have as follows from (64.16) 
and (63.7) 


ds 


w , „ . tv 


e sin— + ijiji; cos^J , 


where ^ is a factor of proportionality. If we multiply by 
sum for a and make use of (63.6) and — 0, we find 

that ^ = 0. Hence we have 

(64.17) (c.i + , tan = 0. 


* Cf. Bianehi, 1902, 1, pp. 488-491. 
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When this equation is multiplied by and summed for a, 

we obtain, in consequence of (64.10) and (64.12), 

(64.18) (ga - f ) 

Comparing this equation with (45.1), we see that the curves 
possessing the desired property are the lines of curvature of Fn, 
and if Bi denote the principal radii of normal curvature, the 
quantities Wi are given by 

(64.19) 

Conversely, when (64.18) are satisfied, we have 


a ( a, I i> « i. U' \ (I 

('aZo jUo + ,etan-^y-|-^^- 

Also the equations 

ala , ,, « 4 W\ dx^ 


■= 0 . 

0 


are satisfied identically. Since the determinant of these equations 
is different from zero, equations (64.17) follow, and consequently 
the theorem is proved for the case (64.15). 

Proceeding in like manner with the second case of § 63, we obtain 
similar results. In place of (64.19) we have 


tanh 


B 


R ' 


from which it follows that Wt is real or imaginary according as 
Bi is less or greater than R. 

65 . Spaces F„ conformal to an In § 28 we established 
by direct processes the conditions in tensor form that a space 
Vn be conformal to an 8n» In this section we show that such 
a Fn can be immersed in an and make use of the results 
of § 56 to obtain the conditions obtained in § 28. 

If Fn is conformal to an Sm there exists a coordinate system x* 
for which the fundamental form of Fn is 


(65.1) 


9> tp‘2^cz(da^y 

t 


(^ = 1, • • *, «) 



65. Spaces Tii conformal to an & 


215 


where the c’s are plus or minus one and v* is a function of the x’s. 
If we put 


(65.2) 

we have from (65.1) 

(65.3) 

where 


= ^faids^y (o = l,---,n + 2), 

a 


(65.4) 

and from (65.2) 

(65.5) 


^ 0+1 1 y 0 .- 4-2 1 ) 


Zc« («“)*= 0. 


It we call (65.5) the fundammtal hypercone of the Sn->r 2 , with the 
fundamental form (65.3), we have that T n is immersible in an Sn ^2 
and is in fact a hypersurface of the fundamental hypercone (65.5). 

Conversely, equation (65.5) and any equation •, ^n+ 2 ) == 0 

not homogeneous in the ^-’s define a hypersurface of the hypercone. 
If in the equation F ^ 0, we substitute the expressions (65.2), 
we find the function \p of the a?’s in terms of which (65.3) is 
reducible to (65.1). Hence we have the following theorem which 
is a generalization of a theorem due to Brinkmann:* 

Any Vn which is conformal to an Sn is a hypersurface of the 
fundamental hyper cone of a certain 8 n-\- 2 , cind any hypersurface 
of the fundamental hypercone of an Sn -{-2 which is not a hypercone 
u'tth the same vertex is conformal to an Sn> 

In terms of any coordinates x* in Vn we have from (65.3) 


(65.6) = ga. 

a 

Differentiating (65.5) covariantly with respect to and x^ and 
the fundamental form of 7n, we have in consequence of (65.6) 


^c«z^ = 0 , 

(65.7) ® 

^ ff 

Ccc z z “ gij . 

(t 


* 1923, 7, p. 1 



216 


V. Sub-spaces of a flat space 


As in § 56 we denote by 7^1“ for 0—1,2 the components of 
two mutually orthogonal unit vectors in /Sn+s normal to F». From 
the first of (65.7) it follows that 2“ = Substituting 

in (65.5) we find that r*ei -f f’cj = 0. Hence Cj and et differ in 
sign. Without loss of generality we take p, = — e* = 1, so that 

(65.8) Zcainuy = 1, 2^c„(w“)* = -1 

a a 

and then 

(65.9) / -= r(^il“ + jy2i''), 
where r is an invariant. From the conditions 


Ca Z ,i 1Ja\ — 0 , 
a 

(65.9) and (65.8) we have 

(65.10) 2 Ctt 721 “ ^ Ca ^i| “ ^21 “,»• 

a ft 


9logr 
ax' ‘ 


Hence from (56.3) we have 


(65.11) 
so that 

(65.12) 




— >'12/ 


a log r 
ax* ' 


<x 

== 


^a\li ^ 


Im 


a a 

Z ,m — ^T| 


alogr 

ax* 


(cr, 7^1,2; o+/). 


From the second of (65.7) and from (65.9), (56.2) and (56.1) 
we have 

(65.13) 62|<; = - (ftiw + 


In this case equations (56.5) reduce to 

Sijki — gjic-j-bi\jkga — bi\ikffji — huigoe) 
+ (S'a ffJk — 9» 9Ji) ; 


(65.14) 
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in place of (56.6) we have 

(65.t5) + , 

and (56.7) are satisfied identically. 

By means of (65.9) and (65.13) equations (56.2) can be written 

(65.16) ^“+5^0 ^2|“), 
and (65.12) for <r = 2 becomes 

/ca 'tft\ « 1 Im a ,!«,/« 9l0gr 

(65.17) ti2i ,t hi\itg 2 ,m + — Z ,t+\^2\ — — j ' • 

When (65.14) and (65.15) are satisfied, equations (65.16), (65.17) and 


8^ 

daf 


t 


form a completely integrable system in /, /,» and As in § 56 
it can be shown that if the initial values of the quantities are 
chosen so that 


(65.18) 


^Ca 

a 


a a 
Z ,tZ 




a 


2;c„//.. = 0, 

a 

Zcaizy =0, 


these equations will be satisfied by all values of the a;’s. Hence 
two tensors 6iiv an invariant r in the relations (65.14) 
and (65.15) determine a Vn with the fundamental tensor which is 
conformal with an Sn. 

If we put 

(65.19) 


equations (65.14) and (65.15) become 

(65.20) J^jkl ^jk dil -f- (]ti djk fftk dji (fji dxk 
and 

(65.21) dik^j = 0. 
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From (65.20) we have for the components of the Bicci tensor 


(65.22) Ejk = gjk da^^r{^ — 2) djk 
and consequently 

E == 2(n — l)g^’di/. 

Hence from (65.22) we have 

(65.23) dju = RjTc - 2(„_i)(„_2) 


When these expressions for the ci's are substituted in (65.20) and 
(65.21), we get equations (28.17) and (28.19) respectively. 


Exercises 


1 . Determine the conditions which the fnnctions must satisfy, in order that 
for the normal of components 

’ei” = 'e (o = n + 1, • • •, » +p> 


the conditions (57.3) are satisfied identically. 

2 . Show that in a euclidean space of n (> 3) dimensions there are no hyper- 

surfaces of constant negative curvature. Bianchi, 1902, 1, p. 485. 

3 . When the fundamental form of a space of constant curvature Ko is definite, 
the hypersurfaces of constant curvature K are such that K^Ko^ 

Levy, 1925, 1. 

4 . A necessary and sufficient condition that a hypersurface of a space of 

constant curvature he of constant curvature is that the lines of curvature of the 
hypersurface be indeterminate. Levy, 1925, 1. 

5. Show that, if in (27.4) the 6’s are given the values zero and the c’s are 

chosen so that 2®, — 1M» fundamental form is reducible to 




^e. {dx^f 


on replacing x' by and ATo by efR}. 

6. When in (61.2) we put = e, and , = e, this equation is satisfied by 





== R 



and in terms of the x's the fundamental form is that of Ex. 5. 
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7. When a hypersurface of a space of constant curvature admits n con- 
gruences of lines of curvature, their tangents are Kicci principal directions 
for F^. 

8. When in the equations of § 65 we put = 22 or = 12 , we have 
the case of spaces F^ conformal to spaces of constant curvature. 

9. The third fundamental form of a hypersurface of an is given by 

dx^ dxK 

10. When is a hypersurface of a space of constant curvature, from (64.10) 
it follows that 

V' = dx' dxK 

a ' 

Bianchi calls this the third fundamental form of the hypersurface. 

Bianchij 1902, 1, p. 488. 

11. When in (27.4) a = 0, c^ = 0, 6^ = 0(j = 1, • • •, n — 1), this equation 

becomes fundamental form of the space of constant 

curvature Ko is 

e,idx^y+-,.+eJdai-y 


12. When the fundamental form of a space of constant curvature is 
e, he^idx^y 


(f = 


c a?" 


the function 




where the a’s are arbitrary constants, in such that Jif7 = 17*. Hence (§ 19) 
the finite equations of the geodesics are 

xJ ~~ =z V ( j = 1, • • • , » — 1 ) • 

where the b’s ai'e aibitrary constants. Bianchi, 1902, 1, p. 422. 

2 

13. If IJ ill Ex. 12 be replaced by y f*, where b* = e, -f • • • + e„_, b^_, . 
the equations of the geodesics can be written 

1 

+ (* e tanh s (j = 1 , • • • , » — 1 ) , 
b cosh 8 ' " b^ 

where the c’s are arbitrary constants. Bianchi, 1902, 1, p. 422. 

14. For a given set of values of & in Ex. 13, the geodesics of F^ lie in the 
hypersurface 

^ (X>-C^Y + C„ Jf’ = 

and are geodesics of this hypersurface (§ 24). Beltrami, 1868, 1, p. 234. 
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15. Show by means of the theorem of Beltrami (§ 40) that the hypersurfaces 
in Ex. 14 hare constant Riemannian curvature. 

16 . The determination of n-tuply orthogonal systems of hypersurfaces in 
a space of constant curvature Kq reduces to the solution of the system of 
equations (cf. § 37) 

where = 0. 

17 . When a space of constant curvature Ko is referred to an n-tuply orthog- 
onal system of hypersurfaces o:^ = const, and the fundamental tensor has the 
form (37.1), the functions defined by 

^ji ~ %\^ (i = 1 , • • • , t>) , 

where are coordinates of Weierstrass, satisfy the equations 

7.1“ = 0. 2co(?,|“)* = f„ 2ca 7,“ = 0 

Show that (cf. § 37) 

3 ’?,,“ Sv,,« 

'wr ’ -J^r = -'.Z\ >?.,« 

Bianchi, 1924, 3, p. 651. 
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Groups of motions 

66. Properties of continuous groups. For a Vn expressed 
in terms of coordinates x* the equations 

(66.1) X* = x^, a;”; a) (? == 1, . . . , n), 

where a is a parameter, define for each value of a a point trans- 
formation of Fn. If the functions /* are such that the combination 
of two such transformations is one of the transformations (66.1), 
and if also the identity transformation and the inverse of every 
transformation is in the set, then these transformations are said 
to form a one-'parametet' continuous group of transformations."*^ 
In this case the ^’s considered as functions of a satisfy a system of 
differential equations of the form 

(66.2) = V'(«) 

If Oo is the value of a for the identity transformation and if 
we put t = J^yj{a) daj the equations (66.2) become 

(66.3) -^ = |•(*^ •••,*»), 

and the identity is given by f = 0. If the functions are 
assumed to be regular in the domain of a;*, the integrals of (66.3) 
can be written in the form 

(66.4) X'- = x‘ + r(a;)<+^-^y + .-.. 


* The restriction that the identity and the inverse of eveij transformation be 
in the group is not made in the general definition of a group as given by Xte, 
1893, 3, p. 368. However, the above definition is in keeping with that generally 
in vogue today, and the groups of the less restricted type are called semi-groups. 
fCf. Lie, 1893, 3, p. 371; also Bianchi, 1918, 4, p. 63. 
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If we introduce the notation 

( 66 . 6 ) 

and indicate by ZV the result of performing the operation X 
on fr times in succession, equations (66.4) can be written 

( 66 . 6 ) + 

Moreover any function x^) regular in the domain of 

is expressible in the form 

(66.7) F&\ • • • , X”) = Fix^, • • • , a:“) + tXF+ ■■■+ -^X’'F+- ■ 

When in (66,4) we replace t by the infinitesimal St, we obtain, 
on neglecting terms of higher order, 

( 66 . 8 ) x^ — 

This is the infinitesimal transformation of the group and from 

(66.8) we have that the x's undergo the infinitesimal change 

(66.9) 

Moreover from (66.7) we have that the change of any function F 
is given by 

(66.10) dF= XF-dt. 

The equations (66.8) are uniquely defined by the form of Xf 
which Lie* calls the symbol of the infinitesimal transformation of 
the group. The equations (66.4) of the group are then determined; 
the group is said to be generated by Z/. It is understood that 
Xf and aXf where a is any constant, generate the same group. 
We shall at times refer to Xf as the generator of the group. 

Equations (66.3) define a congruence of curves in Fn, the paths 
of the group, each of which is described by a point as the latter 
undergoes the continuous transformation of the group. 


* 1893, 3, p. 390; Bianchi, 1918, 4, p. 67. 
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From (66.3) it is seen that are the contravariant components 
of a vector; we call them the contravariant components of the 
infinitesimal transfomation. From § 2 it follows that there exists 
a ti-ansformation of coordinates -= a;’*) for 

7 =* 2, • • •, w so that in the new system the components = 0 
f or J = 2, • • • , w. If we effect the further change defined by 


it follows from (66.5) that in this system XJ 


9 / 
a a;"' 


Hence: 


Tlie coordinates of a Vn can he chosen so that the contravariant 
components of the infinitesimal transformation of a one-parameter 
group are 

(66.11) = 1, 0 ...,n). 


In this coordinate system the finite equations of the group are 

(66.12) = a*’ -f f, xi = xf 


as follows from (66.4). As an immediate consequence we have 
that a one parameter group containing the identity contains also 
the inverse of every transformation of the group. 

When the equations of a transformation involve r essential 
parameters, thus 

(66.13) = /(aJ, • • a\ • • aT) (i = 1, • • •, w), 

and these transformations possess the property referred to in con- 
nection with (66.1), they are said to form a group Or- We say 
that r infinitesimal transformations 

(66.14) Z«/=5„r-^ (a = l,...,r) 

are linearly independent, when there do not exist constants c* for 
which 

(66.15) = 0. 

Suppose that r linearly independent infinitesimal transformations 
satisfy the conditions (cf. § 23) 
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(66.16) {X„, X^)f = c„/ Xyf (a, y = 1, . . . , r), 

where the c’s arc constants, called the constants of composition 
of the group, and are subject to the conditions 


(66.17) 


= 0, 

^'yec “ 1 “ ^yp ^ 
(a, /?, Yy f 


1, *. •, r). 


It can be shown* that the Xaf generate a group Qr consisting 
of all the groups Oi generated by the infinitesimal transformations 

(66.18) a“Xr/, 


where the a’s are arbitrary constants; and conversely eveiy group Gr 
can be generated by r linearly independent infinitesimal trans- 
formations (66.14) satisfying (66.16) and (66.17). 

If the components of an infinitesimal transformation are regular 
in the neighborhood of a point of coordinates icj, and they are 
expressed in the form 

(66.19) ?* = (.'T-'— 000 + + • • • ^ 


we say that the transformation is of order zero at Po, when not 
all of the li^s are zero ; that' is of order one when all the ?5’s are 
zero but not all the a^’s, and so on. 

Consider the matrix 


( 66 . 20 ) 


■ 

■■,hr 

. 

5r|^ • 



of the components of the generators of a Ot* If the rank of M, 
when the a?’s are replaced by the icb’s, is tq,- then in the equations 


a«?a|*(a^) == 0 

* Ltc, 1803, 3, pp. 391, 396* Bianchi, 1918, 4, pp. 97, 98, 
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r — tooi the a’s can be chosen arbitrarily and the others expressed 
in terms of them. Hence there are r — tq linearly independent 
transformations (66.18) of order greater than zero at Po, and 
linearly independent transformations of order zero. 

From equations (66.4) it is seen that if an infinitesimal trans- 
formation is of order y o at P©, the finite equations of the group 
generated by it leave P© fixed. The r — tq infinitesimal generators 
of order >0 generate a Gr-^, which is the sub-group of Gr 
leaving Po fixed; it is called the sub-group of stability of Pq.” 

67. Transitive and intransitive groups. Invariant varieties. 
A group is said to be transit ivcy when by means of its transformations 
any point can be transformed into any other point; otherwise it 
is intransitive. For example, the group of motions in euclidean space 
of three dimensions is transitive, whereas the group of rotations 
about a point is intransitive. From the finite equations (66.13) 
of a Gr it follows that for a transitive group r ^ n. 

For an intransitive group Gr there are subspaces Fw of Vn such 
that any point of a is transformable only into points of Vm; 
otherwise by a combination of transformations a given point could 
be transformed into any other point of Vn, Such a 7m is called 
an invariant variety for Gr* 

If we consider any point Po of Vn and as in § 66 denote by tq 
the rank of the matrix M for Po, there are tq independent in- 
finitesimal transformations which transform Po into nearby points 
and any linear combination of the form (66.18) for a — 1, • • •, to 
possesses this property. Hence the paths of these transformations 
determine a 7^^ into points of which P© is transformable, and the 
sub-group of stability of Po is of order r — tq. If Gr is transitive, 
— n, since Vr^ is the same as Vn by the above definition of 
a transitive group. If Gr is intransitive, 7^^ is a sub-space of Vn* 
It is the invariant variety of lowest order containing P© and is 
called the minimum invariant variety for P©. If T denotes the 
transformation by means of which P© is transformed into a point P' 
of 7 to, T~^ its inverse and T any transformation of stability of P©, 
then 

TrT'‘(P') -- P'. 


* BiancM^ 1918, 4, p. 147. 
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Since all these transformations TTT-^ are distinct, the group of 
stability of P' is of at least the same order as for Po, and by 
reversing the process we have that it is of the same order. Con- 
sequently Fro is the minimum invariant variety for any point of it. 
Accordingly the equations of Fro are obtained by equating to zero 
all the determinants of M of order + 1 . Moreover, the sub-group 
of Or generated by the tq infinitesimal transformations referred 
to at the beginning of this paragraph is a transitive group for Fr*. 

From the foregoing considerations it follows that, if the equations 
obtained by equating to zero all the determinants of the same 
order of M are consistent, they define an invariant variety with 
respect to Or* From this we have 

According as the rank of the matrix M in the if's is n or lessy 
Or is transitive or intransitive. 

If the rank of M (66.20) in the x’s is and P is a point 

for the coordinates of which M is of rank q, then the minimum 
invariant variety for P is a F^. But if for the coordinates of P 
the rank is r<q, then the minimum invariant variety for P is 
a Fr and is obtained by equating to zero all the deteminants 
of M of order r + 1. 

If the rank of M is q(<^n)y then all of the equations 

(67.1) X«/ == 0 

are expressible in terms of q of them. In consequence of this 
result and of equations (66.16) it follows from the theorem of § 23 
that equations (67.1) form a complete system and admit n — q 
independent solutions spi. • • •, SPn~«. From (66.10) it follows that 
any solution of equations (67.1) is an invariant for 0^ and con- 
versely any invariant is a solution of (67.1). Hence every invariant 
of Or is a function of yi, • From these considerations 

we see that the equations 

(67.2) = (^= 1, • • •, n— g) 

define the minimum variety for the point Po of coordinates a;.. 

Let Fm be an invariant variety for a Or, defined by the equations 


(67.3) 


x’ — 9P*(yS • • •, iT)’ 
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Since the paths of the transformations must be in Vm, we must have 


.(67.4) 


V<rl 


n dx‘ 

dtf 



“ = 1, 

= 1 . • ■ n I 


where the 7 ’s are functions of the y’s. Now 


(67.5) 


X„f = 


dx' 


AL 

d!f 


Y,f, 


Hence the Y’s are the generators of a group r in 7m which is 
said to be induced by Or. 

If r is of order less than r, there exist relations of the form 

(67.6) = 0 
and from (67.4) 

(67.7) =- 0 

at points of 7m. In this case the transformation of Or of components 

(67.8) 


leaves 7m point-wise invariant. Conversely, if (67.8) leaves 7m 
point-wise invariant, then (67.7) must hold at points of 7m, and 

9 

since the Jacobian matrix is of rank wz, (67.6) must hold. 


Hence: 

If Vm is an invariant variety for a Or and a snh-growp Op of 
Or leaves Vm point-wise invariant, the group mduced on Vm hy Or 
is a Or-p\ and conversely* 

From the definition of minimum variety it follows that the group 
induced in such a variety is transitive, whereas for any other 
invariant variety it is intransitive. 

68 . Infinitesimal transformations which preserve geo- 
desics. If a Vn with the fundamental form 


( 68 . 1 ) 


fjP = gijdor}dxi 


* Of. Bianchi, 1918, 4, p. 165. 
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is subjected to an infinitesimal transformation defined by (66.8), 
then from (66.8), (66.9) and (66.10) we have 

( 68 . 2 ) dg<,j = 

OX^ OOCr 

and consequently from (68.1) 

( 68 . 3 ) dtp — hy dx^ docJ d t, 

where 

(68.4) K = + 

From J68.3) it follows that the fundamental tensor of the trans- 
form Vn is given by 

(68.5) oy = g^ + Jhjdf. 

For infinitesimal transformations which preserve geodesics we 
have equations of the form (40.6) and (40.8), in which is replaced 
by where t//,, is the gradient of a function ip. From the 

latter and (68.5) we obtain 

( 68 . 6 ) hy^k = gjk I gtk 

From (68.5) we have (cf. § 6) 

q ^ q{l + q^hydt), 

and from equations analogous to (40.7) 

(68.7) V'./. = 2(m + 1)^'''‘'-^"- 
Since (68.4) can be written in the form 

(68.8) K -- + 

equations (68.7) become 

(68.9) ^ 

Prom (68.6) we have 

(68.10) ttu.k-\-htk,j — — 2(,9y 
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Substituting in this equation from (68.8) and making use of Bicci 
identities (§ 11) of the form 

( 68 . 11 ) h,jic — Kkj = 

and of the identity (8.11), we obtain 

( 68 . 12 ) ^tjk ~ — + gtj + fjik . 

From these equations and (68.9) we must have 

=■ 0, 

which is identically satisfied, since is skew-symmetric in ^ and j. 
The conditions of integrability of (68.12) are [cf. (11.15)] 


t / T),tn -rym. \ i v j- 5r D*”' 

kij,I l%j,k) ~T' knj Zy "T* w jkl 

(68.13) 

+ ^ Ii^\kl + gtl '^jk — gtk = 0 . 

Multiplying by g^^ and summing for i and Z, we have 

(68.14) V'.jfc -= + 

where R”'j = g”''‘ Ekj.^ 

Since gtjk must be symmetric in j and /r, we have from (68.14) 

= 0 - 

When the expressions (68.14) are substituted in (68.13), we obtain 
equations of condition linear in and for ^ = 1, • • •, 

In addition, the conditions of integrability of (68.14) are linear in 
^tj and From these equations Ave obtain by continued 
differentiation other equations linear in and V',«* All of these 
equations must be algebraically consistent, if the given Vn is to 
admit infinitesimal transformations preserving geodesics. 

* For, by changing 

the dummy indices. 
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When Vn is of constant curvature JToC+O), equations (68.13) 
reduce in consequence of (40.12) to 

9il [^0 (?/.fc + ^kj) + — 9ik (?/, I + hj) + V'jJ == 0 , 

from which follows, for n^\, 

(68.15) Kq (?ij + ?;,t) + = 0 . 

From the second of (40.13), where now Ajj = Ko 9 ij — V'.v ^ 
from (68.5) we have Ehni = Koi^hjju — 9hi9ij), which is in 
accordance with the theorem of Beltrami (§ 40). In this case 
equations (68.12) reduce to 

(68.16) h,Jk = Ko (9ik — 9Jk ?/) + 9iJ V', fe + 9tk '^J- 

Differentiating (68.15) covariantly with respect to and sub- 
stituting from (68.16), we find that ip must satisfy the equations 

(68. 17) ijk + (2 9ij ^P, k + 9ik + 9Jk t ) — 0 . 


The conditions of integrability (40.17) of these equations are satis- 
fied identically. 

If we put 

(68.18) 


where tp is any solution of (68.17), equations (68.15) and (68.16) 
reduce respectively to 


(68.19) 


kj+hi 0, 

‘^ijk ” Koigiu % 9jk 


In § 71 it will be shown that these equations admit n(n+l)/2 
independent solutions. Hence for each solution of (68.17) there 
are n(n + l)^2 independent infinitesimal transformations of a Fn 
of constant curvature preserving geodesics. 

69 . Infinitesimal coirformal transformations. From (68.5) 
and (68.8) we have the Vn resulting from an infinitesimal trans- 
formation of a Vn is conformal with T^n, when 
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= hj^hi ~ 

where ip is an invariant. The case where tp - 0 will be treated 
in the next and subsequent sections. 

A necessary and sufficient condition that the paths of two trans- 
formations and be the same is that From (69.1) 

and analogous equations in the J’s we have in this case 

(^ — Qtp)ffij‘ 

Consider first the case when tff — Qip ~ 0. One of the ?'s must 
be different from zero, say ?i. When we take i = j = 1 , we 
get p,i = 0 ; and when we take i = 1 , 1 , we get qj = 0 . 

Hence q is a constant and the two transformations are the same. 
When ^ — Qxp ^ Oj it follows from the above equations that the 
rank of the determinant \gij\ is not greater than 2* Hence we 
have the theorem of Fubini:* 

Two infinitedmal mriformal transformations of a Vn for n>2 
(annot have the same paths. 

From (69.1) we have 

hij^k "h hik, i hjh\ i ” fjij k “ 1 “ ffik ffjk i • 

Proceeding with this equation in a manner similar to that followed 
in the case of ( 68 . 10 ), we get 

(69.2) 'iijk = — 2 fjliklp.J 

The conditions of integrability of these equations are 

“t" TT kij ^ -R JM 

(69.3) ^ 

+ R^t'W+ Qfil ^Pjff — ffik ff^Jl'^ffJk ffJi 

If these equations be multiplied by < 7 *' and be summed for i and /, 
we get 

1903, 3. p. 410. 
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(69.4) 


/ i2%. I- iTj, H - ? fr ie™,- - 1™.; i?\ + 4- (« - 2) 


+ Y«/fr^2V' ==- 0,* 


where J 2 is defined by (14.3). Multiplying by nnd summing 
fory and k, we have 

2 


(69.5) 




w — 1 




where = rj^ Ri = g'^ Rir. Substituting this expression 

for in (69.4), we have xpju expressed linearly in terms of h 
and hj for ^,y — 1, • • - , w, and the general procedure to be applied 
to this case is similar to that applied to (68.12), (68.13) and (68.14), 
When Fn is a space of constant curvature Zo + 0, equations 
(69.3) reduce in consequence of (40.12) and (69.1) to 

Kq xp (gu gjk — gik gji ) 

(69.6) ^ 

+ ioii Jk — (fik ^Jf + gjk *7 ~ gji ik) =- 0 , 

and (69.4) to 

(69.7) 2Ko{n — l)gjkXp + {n — 2)tpjk+gjkA2'^ == 0. 


Multiplying by and summing forj and k, we have Ai ^ +Komff = 0, 

by means of which (69.7) reduces for w>2 to 


(69.8) ipjk + KogjkXp = 0. 

When I// is a solution of these equations, equations (69.6) are 
satisfied identically. Moreover, the conditions of integrability of 

(69.8) are satisfied. If we have any solution of (69.8), equations 
(69.1) may be written by means of (69.8) in the form (68.15). 
If in this equation and (69.2) we make the substitution (68.18), 
we obtain (68.19). Consequently for each solution of (69.8) there 
are n(n + l)/2 independent infinitesimal conformal transfonnations 
of a Fn of constant curvature. 

Let Gr be an intransitive group of conformal transformations 
of a Fn and take for the hypersurfaces == const, oo ^ invariant 


* Of. footnote p. 229. 
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varieties, being the parameter of the orthogonal trajectories of 
these invariant varieties; also we take hypersurfaces formed by 
these trajectories for = const, where j = 2, • • • , n. It is assumed 
that the orthogonal trajectories are not null cuiwes; hence we have 

gn + 0, gxj 0 (j == 2, . . ‘ . n). 


Since the hypersurfaces x^ = const, are invariant varieties it follows 
from (66.10) that = 0. When in the equations (69.1), in which 


= 0 . 


9 

hij is given by (68.4), we take i = I, j we get 

ox 

Hence for j == 2,- *,n are independent of Consequently 
the coordinates can be chosen so as to involve n — 1 variables, 
and the group transforms conformally into itself not only Fn, but 
also each of the Fn_i’s. For the equation of con- 

■fc Since tp ^ 0 and gn f 0 by hypothesis, 


dition is 


the Fn~i’s do not admit a sub-group of stability and are minimum 
invariant varieties, if the rank of M (66.20) is n—l. In this 
case the group is a Gn-i* 

If the T n-i’s are not the minimum invariant varieties, we may pro- 
ceed with any of them as we did with 7n, and reduce the group to 
one operating on n — 2 variables; and so on. Hence we have:* 

If a group Q of conformal transformations of a Vn admits 
minimum invariant varieties of order m, the group may he reduced 
hy means of a transformation of variables to a group on m variables 
with only m linearly independent transformations* 

70 . Infinitesimal motions. The equations of Killing. 
When, as remarked in § 27, a space T n is of such a character 
that there exist two systems of coordinates, and x\ for which 
the corresponding coefficients gy and gij of the fundamental forms 
are the same functions of x^ and x* respectively and the equations 
of transformation of the two sets of coordinates involve one or 
more parameters, these equations may be interpreted as defining 
a continuous motion of the space into itself. In § 27 it was shown 
that any space of constant curvature admits a continuous group 
of motions of w(w + l)/2 parameters, and that spaces of constant 


* Fubini, 1903, 3, p. 406. 
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curvature are the only ones admitting a group with ?z(n + l)/2 
parameters. Also it was pointed out that the method of Christoffel 
(§ 10) could be used to determine whether a given space admits 
a group of motions. In the remainder of this chapter we apply 
the Lie theoiy to this problem. 

We remark that if a T n admits a group of motions, the fundamental 
form (68.1) of Vn must remain invariant for every infinitesimal 
transformation of the group, which accordingly determines an in- 
finitesimal motion of Vn into itself. 

Prom (68.4) and (68.5) it follows that the contravariant com- 
ponents of an infinitesimal motion must satisfy the equations 


(70.1) 


jfc j_ 




dT^ 


0 , 


which by (68.8) are equivalent to 

(70.2) + == 0. 

These equations of condition were first obtained by Killing^ and are 
known as the equations oj Killing. 

From (66.9) we have that the magnitude ot tlie infinitesimal 
displacement in a motion is given by 

(70.3) (dsY - 

and consequently in order that there may be a motion, we must 
have 

(70.4) -t 0, 

that is, the vector-field ot an infinitesimal motion is not null. 

We shall shotv conversely that if equations (70.1) are consistent 
and admit a solution satisfying (70.4), these ?'s determine the in- 
finitesimal generator of a group Gi of motions of T",*. To this end 
we assume that the coordinates are chosen so that the ?*s have 
the values (66.11). Then equations (70.1) reduce to 


( 70 . 5 ) 


dx^ 


== 0 


1892, 1, p. 167. 


ihJ = 1. •••, n). 



70. Infinitesimal motions. The equations of Killing: 


235 


Hence the ^’s are independent of and consequently the fundamental 
form is transformed into itself by the finite equations (66.12) of 
the group. Hence: 

When a s;pace admits an infinitesimal motion^ it admits the finite 
emtmiions group Gi of motions generated by the infinitesimal motion. 
Conversely, when (70.5) are satisfied, a solution of (70.1) is given 
by (66.11), Therefore: 

A necessary and sufficient condition that a Yn admits an infinites- 
imal motion is that there eocist a coordinate system in terms of 
which all of the fs do not involve one of the coordinates, say 
and gii 0; then the curves of parameter are the paths of 
the iftfinitesimnl motion and also of the finite motion. 

From the foregoing considerations and those of § 68 it follows 
that lengths are preserved in a motion and that geodesics go into 
geodesics. We shall show dii'ectly that angles are preserved. The 
angle between two directions defined by rf, x* and d^x^ is given 
by [cf. § 13.4)] 

gijdi dsxi 

y {ei fjftj di di xi) {e^ gu d^ x^ d^ of) 

In consequence of ((>8.2) and (70.1) we have 

S ((J,j rf, ,r' rfa a-') - I?* + n.k Ip + (Jjk Ip) dixj Si ^ 0, 

and therefore dcosa =- 0. Hence: 

When a Vn undergoes a motion into itself lemjths and angles are 
preserved and geodesics go into geodesics. 

By considerations similar to those at the beginning of § 69 for 
^ 0 we have: 

Two motions of a Vn cannot have the same paths. 

We shall prove the following theorem: 

If a space Vn admits an intransitive group Or of motions, and 
<i hypersurface Vn^i is an invariant variety, the hypersurfaces geo- 
desically parallel to it are invariant varieties. 

Let the family of geodesically parallel hypersurfaces be the 
spaces const, and choose for the parameter x^ the distance 
from the given l n~i measured along the normal geodesics. Then 


0 + 1 ). 


.711 ^ Cl, 


gy ~ 0 
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Since a;’ = 0 is an invariant variety, it follows from (66.9) that 
= 0 for X* = 0 and <r = r. Prom (70.1) for i=j = 1, 


we have = 0 and consequently ?<ri^ = 0 for all values of 
and the theorem is proved. 

Suppose now that the minimum invariant varieties of a group Or 
of motions are hypersurfaces. We take them as the hypersurfaces 
= const, and choose the other coordinates so that (69.9) 
hold. Then == 0. Equations (70.1) for i == j = 1 reduce to 

= 0 (A: = 2, •••, n). Since the rank of M (66.20) is n — 1, 

gxi is a function of alone. Hence: 

If the minimum invariant varieties of a Or of motions are 
hypersurfaces, they are geodesically parallel. 


Exercises 

1 . Determine the solution of equations (68.13) and (68.14) when the space 
is flat and the coordinates are cartesian. 

2. Show that a Fa with the fundamental form 

^ = ei((ixO* + X,[e,(dx»)*+Ca(ix^)*], 

where Xx is an arbitrary function of alone, admits the intransitive group Gn 
of motions of which the generators are 

9 9 ,9 ,9 

9x^’ dx}' **** 95c* 9x®’ 

Blanche 1918, 4, p. 545. 

3. Show that a with the fundamental form 




where Xx is an arbitrary function of alone, admits the intransitive group 6 ro 
of motions of which the generators are 


9 9 9 

9®-*’ 9V' 9x*’ 

3 9 2 9 4 9 38 

4 . Show that a F 4 with the fundamental form 


<*2 sc 


, 9 

ax»' 

Fuhini, 1904, 4, p. 64. 


V = X. [(dx*)’ + e^' (dx*)’ + e**‘ (dx»)‘] + (dx*)", 

where X. is an arbitrary function of x* alone, admits the transitire group 
of motions of which the generators are 
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,_3_ 
® djc^ 




a 

dx^ 



Fuhini, 1904, 4, p. 64. 

5. If Sf are the components of a motion and X* the components of the unit 
vector tangent to a non-minimal geodesic, then is constant along the geodesic. 


71 . Conditions of integrability of the equations of Killing. 
Spaces of constant curvature. From equations (69.2) we have, 
on putting ~ 0 , 

(71.1) -ifnlTjaj, 


and from (69.3) we have as the conditions of integrability of these 
equations 


From these equations and (70.2) we have: 

If ?<rii for O' = 1 , . . . , r are the components of infinitesimal motions 
of a Vn, so also are where the a!s are arbitrary constants. 

We establish also the following theorem: 

If Xcf for o = 1 , r are the generators of infinitesimal 
motions of a so also are (Xr, Xr)/ for o’, r = 1, . • . , r (a 4 ^ t). 

Consider the case where <y ~ 1 , r = 2. If are the components 
of (Zi, Z 2 )/, then 




V H 9 ? 21 * 


IhL 

dx^ 


v. /c ^ I to ^ t t 

— * 1 | $21 ,fc — S2\ ?1\, 


ky 


from which by means of (70.2) we have 

= — h\^ ?2lfc,t + ^ 2 ,^ • 

In consequence of (71.1) we have 

= ( — ?11^J h\k,i + ?llfc,t) + h\^{Rk^Jm RmiJk)* 

Because of (8.10) it follows that hj + = 0 which was to be 

proved. 
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From (71.1) it follows that the second and higher derivatives 
of are expressible linparly and homogeneously in terms of h and 
their first derivatives. Hence (§ 66): 

The transformations of a group of motmis are of order zero or 
one at any point of Fn* 

We observe that (70.2) are the conditions (§ 39) that the equations 
of the geodesics of T n admit the linear first integral h ” const. 
Hence: 

When a F„ admits a group Or of motions, the equations of the geo- 
desics ofVn admit r linearly independent first integrals, and c(mversely. 
We have seen that the second and higher derivatives of the Ts 
are expressible linearly and homogeneously in terms of the $’s and 
their first derivatives. These M(^^ + l) quantities must satisfy the 
n(w + l)/2 linearly independent conditions (70.2), and consequently 
the general solution of (70.1) admits at most w(n+ l)/2 arbitrary 
constants. Hence the complete group of motions of a Fn involves at 
most n(n+ l)/2 parameters. In § 27 it was shown from other con- 
siderations that a space of constant curvature admits a continuous 
group of motions of n (w + 1)/2 parameters, and that this is a charac- 
teristic property of such spaces. We shall establish this result from 
the present point of view, and observe that the condition is that 
equations (71.2) must be satisfied identically, when the conditions 

(70.2) are imposed. 

As a first consequence we have 

(71.3) 0. 

and since the other terms of (71.2) can be written in the form 

(rff = 0 , 

on taking account of (70.2), we have the conditions 

df - dr E\u - 61 + dr E\ + dj - df 

- 6f E^^i + 6T E^jki - 0 (p^m,k:^ 1). 

Contracting for I and p and making use of (8.11), we get 

1 




MV kij — 


n — 1 


e>TRiu-6TBju), 
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which are equivalent to (40.21), Ihe conditions that Vn have con- 
stant curvature. In view of the preceding theorem we have: 

A group of motions of a Vn has at most n(n + l)/2 parametersj 
and this number only in case 1 « has constant curvature, 

A space of constant nirvature is characterized by the property 
that the equations of its geodesics admit n(w + l )/2 linearly in- 
dependent linear first integrals. 

72 . Infinitesimal translations. In § 23 we saw that when 
a Vn admits a field of parallel vectors, the curves to which the 
vectors are tangent form a normal geodesic congruence and that 
any two Vn-i’s orthogonal to the congmence can be brought into 
coincidence with one another by a motion in which each point 
describes the same distance, that is, by a translation. We observe 
that (23.15) satisfies the conditions of the second theorem of § 70 
and that in this case 
(72.1) — const., 

which from (70.3) is seen to be a necessary and sufficient con- 
dition that an infinitesimal motion be a translation. 

If the coordinates are chosen so that the components of the 
infinitesimal translation have the components (66.11), then (70.5) 
must hold and from (72.1) it follows that g^ must be constant. 
Prom this result and the second theorem of § 19 we have:* 

The paths of a motion are geodesics, when, and only when, the 
motion is a translation. 

The spaces for which the tangents to the paths form a field of 
parallel vectors are only a particular type of spaces admitting 
translations. The following theorem gives a geometrical charac- 
terization of the general case: 

A necessary and sufficient (ondition that a Jield of unit vectors 
be such that the vectors at pomts of any non-minimal geodesic whatever 
make a constant angle with the geodesic is that the vectors be tangent 
to the paths of a trayislation. 

Let C be any geodesic along which the coordinates are expressed 
in terms of the arc. The cosine of the angle at each point of C 

dx"^ 

between the vector and C is For this to be constant 

we must have 


" Bianchij 1918, 4, p. 499. 
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do[^ 
ds ds 


= 0 . 


Since this condition must be satisfied for everj^ (7, we must have 

(70.2), and since the vector is a unit vector, the theorem is proved. 
As a corollary of these two theorems we have: 

The paths of two translations meet under constant angle. 

Also from this result and the first theorem of § 71, we have: 
If for (T = 1, are the components of infinitesimal 

translations of a Fn, so also are a^ta\ii where the a's are arbitrary 
constants. 

For, in this case a cl = o a g-,j == const., 

since gtj fri*' == const, for (r,T = 1, , , ,, p, 

73. Geometrical properties of the paths of a motion. 
If It are the components of an infinitesimal motion, not a trans- 
lation, and we put 

(73.1) It = 

where K\t are the components of the corresponding unit vector- 
field, and associate with ln\t n — 1 other unit vectors forming an 
orthogonal ennuple with it, equations (70.2) become in consequence 
of (30.2) 

(73.2) 5^ ei Pfn Ynml)^l\t ^m\j ^n\t ^nlj = 0. 

Multiplying by lp\ lq\^ for p, g ■= 1, • • • , n — 1 and summing for ^ 
and j, we get 

(73.3) Ynpq+Ynqp 0 (j), g = 1, • • • , w — 1). 

If (73.2) be multiplied by and summed for ^, we have 

(73.4) Ymnn ^m\j'T Cn ^»1 ^n\j 0. 

m 

If we multiply (73.4) by An/ and sum for j, we get 


( 73 . 5 ) 


Ari — 0, 
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and consequently (73.4) reduces to 

(73.6) XfJj = ^ y ninn ^m\J • 

m 

Conversely, when (73.3) and (73.6) are satisfied, so also are (73.2) 
and (73.5). Hence (73.3) and (73.6) constitute a necessary and 
sufficient condition that the congruence of curves Xn\i be the paths 
of a motion. 

When jp + equations (73.3) are the condition that the con- 
gruences lp\f for = 1 , • • • . H — 1 be canonical with respect to Xn\i 
(Cf. §38). From (30.16) we have = yim Hence 

equations (73.3) for p = q are necessary and sufficient conditions 
that the cuiwes of the congruences for be geodesics, or 
that their principal noimals be orthogonal to the paths. Moreover, 
from (30.14) and (73.6) we have K\^K\j,k= consequently 

the principal normals to C are normal to a family of surfaces 
I// == const. Hence we have the following theorem of Ricci:* 

In order that a congruence C of ao'ves he the jyaths of a motion, not 
a translation, it is necessary and sufficient that ( 1 ) any n — 1 mutually 
orthogonal congruences orthogonal to C he canonical with respect 
to C\ ( 2 ) the curves of any cong^'umce orthogonal to C he geodesics 
or their principal normals he orthogonal to the curves of C at corre- 
sponding points^ (3) the principal normals to the curves of C form 
a normal congruence. 

From (73.6) and (35.9) we have: 

When the paths of a motion, not a translation, form a normal 
congruence, the hypersurfaces orthogonal to the paths are isothermic. 

When the paths C are geodesics, and consequently the motion 
is a translation, equations (73.6) are satisfied identically in con- 
sequence of (30.15). Hence: 

In order that a congruence of geodesics he the paths of a trans- 
latiouy it is necessary and sufficient that conditions ( 1 ) and ( 2 ) of 
the above theorem he satisfied, 

74 . Spaces V 2 which admit a group of motions. We 
consider first the case of a group of motions Qx of a Fg, take the 
components in the form ( 66 . 11 ), and choose the curves of param- 

*1899, 1, p. 79; also Ricd and Levi-Oivita, 1901, 1, pp. 173, 608. 


16 
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eter orthogonal to the paths. Then gx^ ™ 0, and from (70.1) 
we find that and g^^ are independent of so that by a suitable 
choice of .r* we have 

(74.1) V ^ gn{(lx'f + e,i,dx^f, 


that is, Fb is applicable to a surface of revolution, if y is definite. 

In order to determine whether a Fg can admit more than one 
motion, we consider the equations of Killing for the fonn (74.1), 
They reduce to 


•c 8 4 - 9 /J ^ ^ r=r 0 

9 ^ 2 + 2.^11 0 , 


3?^ 


'/n -^8 + 




0 , 




0. 


From the third of these equations, we have - Ai, where Ai 
is a function of alone. Indicating by primes derivatives witli 
respect to the arguments, from the first two we have 


n± o\ 111 — _ Y 9 logVgii 
dx' ■“ dx’ 


dx* 


fh\ 


X{. 


of which the condition of consistency is 


(74.3) 


.9n 


9* logK9u _ 


dx^‘ 




X, 


where r: is a constant, since the first and second terms of this 
equation are independent of x^ and x^ respectively. Equating to 
zero the derivatives of the first term with re^mct to sc*, we find 

from the resulting equation that - — fr, where fr is 

V gxx 9.T*'' 

a constant. Then from (15.H) we have — gn h, that is, Fg 
is of constant curvature. For a given Fg the constant c in (74.3) 
is determined, and the general solution of Xi! = ce^Xi involves 
two arbitrary constants. Another is introduced in the determination 
of from (74.2). Hence the general gi’oup is a Os, and since the 
rank of M (66.20) is two, the group is transitive. Thus we have 
the theorem, well-known for the case where v is definite:"^ 

♦ 1909, 1, pp. 323, 326; Biancki, 1902, 1, p. 508. 
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The fundamental form of any surface admitting a continuous 
deformation is reducible to (74.1), where gn is inde^pendent of 
and the group involves one parameter, unless the surface is of 
constant curvature’, in the latter case the complete group is a 0^. 

In order to determine whether Fg can admit a sub-group of 
motions, we have that (66.16) must hold for a, ~ 1, 2. 
There are two cases to consider, according as the constants of 
composition are zero or not. In the former case we have 

(74.4) (jLi, Xg) / -- 0, 

called the Abelian case, and in the latter linear combinations with 
constant coefficients of X^f and X^f can be made so that 


(74.5) (Xt, Xg)/-- X,f^ 


We choose the paths for the coordinate lines, which is possible in 
consequence of the fourth theorem of § 70. Then ~ 0. 

For the case (74.4) we have that is a function of alone 
and of alone. Hence the coordinates can be chosen so 
that — ? 2 i^ ~ li that is, 


(74.6) 



X^f - 


9/ 

dx* * 


From the equations of Killing (70.1) it follows that gy are con- 
stants, and consequently Fg is an S 2 . 

For the case (74.5) we have 

__ ^ 9 log gll" .. ,2 


Hence the coordinates can be chosen so that I 21 * — !> ?ii‘ = e ® • 
Prom (70.1) we have 


da^ 


= 0 , 



9<7i2 

dx^ 


— .^11 > 


9^22 

'dx^ 


2^18, 


and consequently 


(74.7) gn — a, gu ~ ax^’^b, g^t ~ a(a;^)2 + 26a;^ + c, 


* Bianchi, 1918, 4, p. 235. 
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where h and c are constants. The generators are 
(74.8) 

In this case the curvature of Fg is a/( 6 * — ac)t. 

75 . Intransitive groups of motions. Since the group induced 
by a Or upon a minimum variety is transitive (§ 67), the problem 
of finding the groups of motions of a Fn is reduced to the problem 
of transitive groups by means of the following theorem due to 
FubiniiJ: 

If a space Fn admits an intransitive group of motions Or, which 
is the complete^ group for Fn or one of its suh-groups, the group in- 
duced on any minimum variety Vn-k has r parameters, and the finite 
equations of Or are reducible by a suitable choice of coordinates to 
those of a transitive group on n — Ic variables. 

We rec^all from § 67 that the order n — k of the minimum 
varieties is the rank of the matrix M (66.20), that there passes 
one of these varieties Vn-^u through every point, and that if the 
induced group on any Fn-zc is not of order r, there exists a sub- 
group Oa of Or leaving this Fn~fc point-wise invariant. Let P© be 
a point of Fn, Fn~/t the minimum invariant variety through Po 
and P be i.ny point of Fn not in Vn-ic* Consider now the Fn-fc+i 
consisting of an infinity of invariant Fn-fc s including Fn-fc and 
the one through P; this evidently is an invariant variety of Or, 
and in particular of the sub-group Oc leaving Fn-* point-wise in- 
variant. In Fn~fc+i draw the geodesics of Fn-fc+i normal to 
Fn-fc. Any motion of Or induces a motion in Fn-^+i which sends 
geodesics into geodesics, preserves angles and distances (§ 70). 
In particular, any transformation Oa holds the points of Vn-k 
fixed and consequently all the points of the geodesics fixed, and 
in particular P. Hence Oa consists of the identity and thus the 
first part of the theorem is proved. 

In order to prove the second part, we consider a hypersurface 

♦ Of. Bianchi, 1918, 4, p. 510. 

t Of. 1909, 1, p. 155. 

t ld03, 4, p. 40; also Bianchi, 1918, 4, p. 514. 

§By the complete group we mean the group with the maximum number of 
parameters which satisfies the conditions of the problem. 
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Fn~i of Vn consisting of invariant Fn-fc s. It is an invariant variety 
of Gr and the induced group of contains r parameters, by 
the first part of the theorem. Consider Vn referred to FiJ-i-and 
the hypersurfaces geodesically parallel to it (§ 19) as the spaces 
=== const., x^ being the distance measured from F«-i along a 
geodesic nonnal to it, in which case the latter is the hyper- 
surface = 0. For each motion of Gr each of the hypersurfaces 
== const, moves into itself just as Fn~i does. Suppose further 
that the other coordinates a;*, are chosen in any manner 
whatever so that the normal geodesics are the curves x^ = const. , - • , 
= const. Since the geodesics are interchanged among them- 
selves in a motion, it follows that the coordinates • • •, x'^ of 
a point on one Fn-i into which a point of coordinates a;*, • • *, a;^* 
goes are the same for any other Fn-i, and consequently the finite 
equations of any motion are of the form 

~ X ^ y*' = ^ (p?, • • •, x^) 0 == 2. • • •, w). 

Thus for the space Vn-i we have shown that the finite equations 
can be put in the form stated in the theorem. If /c > 1 , we take 
Fn-i in place of Vn in the above process and reduce the equations 
to those in n — 2 variables and so on, which proves the theorem. 

76. Spaces F3 admitting a G2 of motions. Complete 
groups of motions of order n{n+ l)/2 — 1 . A group G^ of 
a Fs is intransitive and from the fourth theorem of § 70 it follows 
that the minimum invariant varieties are Fg’s. From § 75 we have 
that the induced group on these varieties is a G^ and from § 74 
that their curvature is constant. From the last theorem of § 70 
it follows also that they are geodesically parallel, and that if they 
be taken for the surfaces x^ = const., then ?(r|^ = 0 for cr= 1, 2 
and for « = 1, 2 are independent of y. We take for the 
curves x^ == const., x^ == const, the geodesics orthogonal to one 
of the surfaces x^ == const., at points of the paths, and write the 
fundamental form 

(76.1) 9 = gijdxUJx^-\re^{dx^y («,^* = 1,2). 

For this particular surface the infinitesimal transformations are 
given by (74.6) and (74.8), and from the preceding observations 
these are the generators for Fs. 
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In order that equations (70.1) be satisfied by the transformations 
(74.6), it is necessary and sufficient that //y be functions of sr* 
alone, subject only to the condition — .O'la* 4- In order 
that equations (70.1) be satisfied by the transformations (74.8), it 
is necessary and sufficient that 

(76.2) + ffa - a{xy + 2 y , 

where are arbitrary functions of such that ay 4- 

In the former case the curvature of the surfaces x^ ~ const, is 
zero, and in the latter «/(/?* — ay) (cf. § 74). 

By means of these results we shall show that a Fg cannot admit 
a complete group Of, of motions. The group cannot be intransitive, 
otherwise a family of surfaces (the minimum varieties) would admit 
a (?6, which is impossible since 5 >(2*3)/ 2. Hence the group 
must be transitive, and the sub-group of stability (§§ 66, 67) of 
Taiy point Po is of order 5 — 3—2. If there were such a 
the points at a constant geodesic distance from Po would constitute 
a minimum invariant variety, and thus we should have a family 
of geodesically parallel invariant varieties. This is the case just 
considered, and from the form of the transformations (74.6) and 
(74.8) it follows that all the transformations of such a are of 
order zero (§ 66), and consequently there cannot be an invariant 
point.t 

W(* are now in a position to prove the following theorem due 
to Fubini.J 

A Vji foi n 2 ( aunoi admit a complete group of motions oj 
order n (v l)/2 — 1 . 

A\'e prove this theorem by induction, assuming it to hold foi* 
a I'm 1 . If a Vn admits a Or with r n{n + \)/2 ~ I, it must 
be transitive, otherwise by the theorem of § 75, a variety of ordei* 
n — 1, or less, would admit a group of this order, which is im- 
possible since a Vn-i can admit at most a group of order w(7?'— 1)/2. 
If Or is transitive, there is a sub-group of order i\ = r — n 
= w(n — 1)/2 — 1 leaving a point P© fixed, which is a group of 

* Cf. Bianchiy 1918, 4, p. 542. 

t Cf. Bianchi, 1918, 4, p. 540. 

1 190.3, 4, p, 54. 



77. Simply transitive groups as groups of motions 


247 


motions of oo * the loci of points at constant geodesic distance 

from Pq. But this is contrary to the assumption that the theorem 
holds for a Vn-i- Since we have shown that the theorem holds 
for a 78, the proof is complete. 

77. Simply transitive groups as groups of motions. When 
for a group On in n variables the matrix ilf(66.20) is of rank n, the 
group is called simply transitive. We shall prove the following 
theorem due to Bianchi:* 

Any simply fr ami five yroup in n variables is the group of motims 
{complete or partial) of a7i infinity of spaces Vn* 

Let 'ej\ for = 1 , • • •. be the components of the infinitesimal 
transformations of the group, and denote by the cofactor of 
in the determinant |$ 7 i‘l divided by this determinant; then 

(77.1) .11?/* - 4. j;?/ - d/ 


In order that the group may be a group of motions it is 
necessary and sufficient that the equations of Killing 


(77.2) 




dx^' 


L _L 


h 


-- 0 


admit a set of solutions gij symmetiic in ^ and . Multiplying 
by aI and summing for /, we have 


(77.3) 
where 

(77.4) 


dx'* 


ffih f )v + Ohj I'ily 




A 


i 

r • 


The conditions of integrability of (77.3) are 

(77.5) //« ij'x + = 0, 

• 1918, 4, p. 517. The method used in this section is different from that used 
by Bianchi. The latter considers also (pp. 522-524) the case when the group 
is not simply transitive. 
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where 

(77.6) ^jrt = r}^ 


It is our pui'pose to show that the J^’s are zero and consequently 
the system is completely integrable, and thus prove the theorem. 
From (77.1) and (77.4) we have 


(77.7) 


= h\ 


h ^Ar 

* 


Multiplying (77.4) by and summing for r, and (77.7) by Ai and 
summing for hj we get 

(”.8) 

and 

(77.9) ^ = 


Since the ?’s are components of a group, we have from (66.16) 


III 


8|«| 


8a* 


■ lm| 


fc 91/ 
aa* 


r ^ h 

— ('Im Sr| • 


Multiplying by Ai Af and summing for I and m, we have in con- 
sequence of (77.1) and (77.4) 

(77.10) = 5,1* a; Af . 

By means of (77.10) equations (77.6) can be written 


I -ri Y^fn -tnl 

“i- 

Substituting from (77.4) in the first two terms of the right-hand 
member and reducing the resulting expressions and the next two 
terms by means of (77.8), (77.9) and (77.7), we obtain 
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yy rl f^tll -rtW l »tWl jnl •g%m ■tnl 

•O Jfi — M rm ^ fj * rj 'T * Jr ^ wt ^ Jt ^ mr 


+ cuF [4 hr ( 4 « 4 - rim Ah + (4 4 , 
+ A? 4 r;? - 4 — 4 4 Tt?)] . 


By repeated jipplication of (77.10) to the right-hand member of this 
equation^ we have, in consequence of the first of (66.17) and (77.1) 

B'jrt = cKk’' <J‘ (4 4 a ’^ + 4 At 4 + 4 4 4 

— ((^tb‘ i'hlf + ClcT ChT -{■ CuT Chah h\‘ 4 Aj A^. 


From the second of (66.17) it follows that the are zero and 
hence the theorem is proved. 

Exercises 

1. When the paths of a motion form a normal congruence, the lines of 
curvature of the orthogonal hypersurfaces are indeterminate. 

2. A surface admits a translation, when, and only when, it is flat. 

Bianchi, 1918, 4, p. 507. 

3. If a admits a translation, the surface formed by an infinity of paths of 

translation is flat. Bianchi, 1918, 4, p. 601. 

4. When a admits a system of coordinates for which const, for 

<r = 1 , . . . , y and the other ^’s are independent of x^, then the admits 
a group of translations, the curves of parameters being the paths. 

5. When the paths of a translation form a normal congruence, the orthogonal 

hypersurfaces are totally geodesic. Struikj 1922, 8, p. 157. 

6. If the rank of M (66.20) for an intransitive group of motions of a 

is m, then r < m (m + 1)/2. Bianchi^ 1918, 4, p. 515. 

7. If a admits an intransitive group G^ of motions, where r = n(n — 1)/2, 

the minimum invariant varieties are a family of geodesically parallel hypersurfaces 
of constant curvature. Bianchi^ 1918, 4, p. 544. 

8. A group is said to be Abelian, when the constants of composition (§ 66) 

are zero. Show that for on Abelian group (7^, for r < n, the coordinates can 

be chosen so that = d©. Bianchi^ 1918, 4, p. 260. 

9. When a admits a simply transitive Abelian group of motions, it is an 8^ 

and the group is that of translations. Bianchi^ 1918, 4. p. 521. 

10. When a admits an Abelian group G^{r<Zn) of motions, the minimum 
invariant varities are of order r and are flat spaces. 

11. Show that equations (71.2) can be written 


5*‘ m — Ki. I ^\ij i » 
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and that, when they are multiplied by and summed for j and Ir, the resulting 
equations are 

( 1 ) ^ — L,, • 

12. If a space admits a motion and also an orthogonal ennuple of Bicci 
principal directions, when equations (1) of £x. 11 are multiplied by I* and 
summed for i and 1, the resulting equations are reducible according as A = /c 
or A 4^ Ic to the respective sets of equations (Of. §§ 38, 34) 



(?»-?.' [«“ Z + K,‘ i.,/] =" 0. 

P 

where are Bicci principal invariants. Show that these invariants are invariant 
under the transformations of the group generated by Ricci, 1905, 1, p. 490. 

13. When a space admits a transitive group of motions and an orthogonal 
ennuple of Bicci principal directions, the Bicci principal invariants are constant. 

Ricci, 1905, 1, p. 491. 

14. If a space admitting a motion is referred to an orthogonal ennuple the 
invariants a, and b^, defined by 

satisfy the equations 

= Z «, (Or r^, + V - *>(. 

in consequence of (71.1) to which they ai'e equivalent. Moreover, equations (71.2) 
are equivalent to 

Z fr (flr y««r + K, 3',^. “ K 3'.,,, + hi 3’,j„ “ JV.„> = 0, 

where 

fiSkh — »l A /I M r| • 

Bicci, 1905, 1, p. 499. 

15. Show thot the inTarianta of Ex. 14 are expressible in the form 

rm, = + Z «, O-wi + r,fl y„« + y,« ■ 

Ricci, 1905, 1, p. 489. 

16. If a space admits an orthogonal ennuple of Bicci principal directions and 
the corresponding invariants are zero when more than two of the indices 
are different, the space is called regular by Bicci. Show that when a regular 
space admits a motion all of the invariants are invariant for the motion; 
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also that if the space admits a ttansitive group of motions, these .invariants 
are constant. Riccis 1905, 1, p. 491. 

17. Show that the functions defined by (77.7), for two eets of coordinates 
satisfy equations of the form (8.1) in which the Ohristoffel symbols are replaced 

by Ps; and that if | | are the Christoff el symbols formed with respect to the 

fundamental form of the space, then /J — | | are the components of a tensor. 

18. If 1 ,^ 1 ^ are the components of an orthogonal ennuple and have the 
significance of § 77, the functions T*, defined by 


r* 

0 


dx^ ’ 


satisfy equations of the form (8.1) in two coordinate systems; also 


i\) 


dx^ 




dx-^ 


r* 

* ij 


0 . 


19. Equations (1) of Ex. 18 may be interpreted as the vanishing of the first 
covariant derivatives of the vectors and for co variant differentiation de- 
fined by replacing the Ohristoffel symbols by corresponding T’s. Show that the 
eovariant derivatives so defined are tensors. Eisenharty 1925, 12, p. 248. 
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124, 125, 127. 131, 136, 138, 241, 
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^-tuply orthogonal systems of hyper- 
surfaces, 43, 44, 117-124, 138, 155, 
158, 220. 

Normal, to a hypersurface, 41, 158; null, 
41 ; to a Fn in a 7„, 47, 140, 143-146, 
192; principal, to a curve, 61, 107; 
mean curvature, 169, 170, 178, 185. 
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coordinates, 55; curvature of a curve 
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147, 158, 168. 
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to^, 173, 174. 

Order, of a tensor, 9, 10; of an infini- 
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Orthogonal ennuples, 40; number of, 40; 
determination of tensors, 97 ; of Schmidt, 
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153, 158, 193. 
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Regular space, 250. 
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curve; tensor, 31. 
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Ricci, 5, 13, 21, 22, 30, 31, 97, 107, 
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Riemann, symbols, 20, 21 ; tensor, 20, 25, 
30, 32, 33, 44, 47, 81-84, 93, 159, 162, 
172, 180. 187, 211, 212, 237. 

Riemannian, metric, 35; geometiy , 35; 
space, 35; coordinates, 53-55; form of 
the linear element, 86 ; curvature, 79 -81 , 
113, 159. 

Rotation, coefficients of, 97 100; in an 
Sfn, 192. 

Snt 84; spaces conformal to an, 91-93, 
121-124, 182, 214-218; w-tuply or- 


thogonal systems in, 121; sub-spaces, 
187-220; applicable hypersurfaces, 200. 
201; motions, 87, 192. 

Sbrana, 201, 253. 

Scalar, 6; curvature of a space, 83, 157. 

Schmidt, 104, 253. 

Schouten, 16, 22, 65, 92, 93, 124, 125, 
134, 182, 185, 199, 200, 254, 255. 

Schur, 83, 252. 

Schwarzschild, 93. 188, 254. 

Seven, 64, 254. 

Signature of a quadratic differential 
form, 23. 

Six-vector, 12. 

Sommerville, 254. 

Space, n- dimensional, 1; see Einstein 
space; see Euclidean space; metric, 
34; Riemannian, 35; flat, see Flat and 
; homogeneous, 114; projective plane, 
135; regular, 250. 

Space of constant Riemannian curvature, 
83; isometric correspondence, 84; mo- 
tions, 86-88, 204, 207, 238; fundamental 
form, 25, 85, 93, 206, 218, 219; spaces 
conformal to, 91, 219; hypersurface, 
157, 159, 212, 213, 218-220; geodesics, 
134, 139, 207-210, 213, 219, 230; geo- 
desic correspondence, 134; applicable 
hypersurfaces, 212; sub-spaces, 212; 
n-tuply orthogonal systems, 220; in- 
finitesimal transformations, 230, 232; 
linear first integrals of the equations 
of geodesics, 239. 

Spaces, tangent, 75; applicable, 75, 84, 
200,201,212; conformal, 89; conformal 
to an Sn, 91-93, 121-124, 182, 214-218; 
conformal to an Einstein space, 93-96; 
with corresponding geodesics, 131-139, 
141. 

Space-time continuum of a perfect fluid, 
140. 

Stdckel, 130, 140, 252. 

Struik, 92, 93, 134, 181, 185, 186, 188, 
199, 200, 249, 254, 255. 

Sub-group of stability, 225. 
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Surface, geodesic, 62, 79, 81 ; of translation, 
175, 184; minimal, 177, 184. 

Syng'e^ 65, 255. 

Tangent, to a curve, 6; sub-spaces, 75. 

Tensor, covariaiit, 9, 10; contravariant, 
9, 10; mixed, 9, 10; s^^mmetric, 11; 
skew-symmetiic, 11; order, 9, 10; zero, 
11; contraction, 13; conjugate, 15; 
associate, 16; rank, 16; see Riemann 
tensor; see Ricci tensor; relative, 31; 
divergence, 32; fundamental, 35; 
conformal curvature, 91; whose first 
covariant derivative is zero, 28, 29, 
107, 124, 141, 142; satisfying equations 
(8.10) and (8.11), 32, 48. 

Tensors, addition, subtraction, multipli- 
cation of, 12; outer product, 12, 29; 
inner product, 13, 29; composition, 13; 
quotient law, 14. 

Tensor density, 31. 

Thomas f J. M., 94, 141, 256. 

Thomas, T. Y., 69, 141, 255, 256. 

Totally geodesic sub-space, 183-186, 249. 

Transformations of coordinates, 1, 23-25, 
55, 141; linear. 8, 55; linear fractional, 
141; of a group, 221, 223; conformal, 
230-233. 

Transitive group, 225, 236, 247, 249-251. 

Translation, 72, 192, 239, 241, 249; 
surface of, 175, 184. 

Umbilical point, 179, 185. 

r,, 1; elemental, 8, 39; curvature. 80, 
81, 83, 113, 157, 159; conformal to an 
91-95, 121-124, 182,214-218; class, 
188; of class one, 197-200; evolutes, 
193, 198. 

in a Fm, equations, 44; metric prop- 
erties, 45, 48; normals, 41, 47, 140, 
143-146, 158; parallelism, 74, 75, 167; 
associate directions, 74, 75, 167 ; geo- 


desics, 75; equations of Gauss and 
Codazzi, 163, 172; normal and relative 
curvatures of a curve, 150-154, 158, 
164, 165; second fundamental form, 
166; conjugate directions, 166, 167, 
175, 176; asymptotic directions, 166; 
asymptotic lines, 167, 175, 176; lines 
of curvature, 168; mean curvature, 
168, 178; mean curvature normal, 169, 
170,178; relative curvature, 174; totally 
geodesic, 183-186, 249; in an 
195-197 ; of constant curvature, 210-2 14. 

F,.iu an equations, 187; equations 
of Gauss and Codazzi, 190, 197, 198; 
motion, 192; evolutes, 193, 198; lines 
of curvature, 193, 198, 199; principal 
radii of normal curvature, 193, 198. 

Veblen, 69, 133, 141, 255, 256. 

Vector, contravariant, 4, 5, 10, 39; co- 
variant, 7, 10, 39; divergence, 32, 47 : 
magnitude, 35; unit, 36, 40; null, 36, 
38, 41, 111, 112; parallel displacement, 
65-67, 79, 93, 184; associate direction, 
73-78, 105, 157, 167; associate curv- 
ature, 73, 106, 164 ; relative curvature, 
151, 165; normal curvature, 165. 

Vectors, angle of, 37, 38; orthogonality, 
38; H mutually orthogonal, 40, see 
Orthogonal eunuple; parallelism, see 
Parallelism and Parallel vectors. 

Vector-field, 5, 36; see Parallel vectors. 

Verjfingung, 13. 

Volume, element of, 177, 179. 

Foss, 160, 154, 163, 166, 252. 

TF*^, 135, 141. 

Weierstrass, coordinates of, 204-210. 

Weight of a relative tensor, 31. 

Weyl, 65, 91, 92, 133, 135, 254. 

Wilson, 1, 254. 


The results of paragraph 31 were based upon material presented by Professors 
Veblen and J. W. Alexander in their lectures before the appearance of the paper by 
Mnmaghan. 1925, 7. 




